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KHOVANOV-ROZANSKY HOMOLOGY AND DIRECTED CYCLES 


HAO WU 


Abstract. We determine the cycle packing number of a directed graph using elementary projective algebraic 
geometry. Our idea is rooted in the Khovanov-Rozansky theory. In fact, using the Khovanov-Rozansky 
homology of a graph, we also obtain algebraic methods of detecting directed and undirected cycles containing 
a particular vertex or edge. 


1. Introduction 

1.1. Directed paths and cycles in directed graphs. Before stating our results, let us recall some basic 
concepts and introduce some notations that will be used in this paper. 

A directed graph is a pair G = {V{G),E{G)) of finite sets, where 

(1) V{G) is the set of vertices of G, 

(2) E{G) is the set of edges, each of which is directed. That is, of the two vertices at the two ends of 
each edge, one is the initial vertex, the other is the terminal vertex. 

In this paper, we do not assume that graphs are simple. That is, we allow loops (edges initiate and terminate 
at the same vertex) and multiple edges from one vertex to another. But, to simplify some of our statements, 
we assume that all graphs in this paper are without vertices of degree 0. 

Given a directed graph G, a directed path in G from a vertex u to a different vertex u is a sequence 
u = Vq,Xq, Wi, Xi,..., x„_i, Xji = V such that 

(1) vo,vi,... ,Vn are pairwise distinct vertices of G, 

(2) each Xi is an edge of G with initial vertex Vi and terminal vertex Ui+i. 

Two directed paths from m to u are called edge-disjoint if they have no common edges. The amount of 
directed paths in G from u to t; is often measured by: 

• the maximal number a„_>„(G) of pairwise edge-disjoint directed paths in G from u to v. 

By the Edge Version of Directed Menger’s Theorem, 

au^v (G) = minimal number of edges in G whose removal from G 

destroys all directed paths in G from u to v. 

In this paper, we will also consider the following naive upper bound for Ou^viG). 

• the minimal number j3u^v{G) of edges in G incident at m or z; whose removal from G destroys all 
directed paths in G from u to v. 

A directed cycle in G is a closed directed path, that is, a sequence vq, Xq, vi,Xi, ..., x„_i, u„, Xn, Vn+i = vq 
satisfying 

(1) vo,vi,... ,Vn are pairwise distinct vertices of G, 

(2) each Xi is an edge of G with initial vertex Vi and terminal vertex Vi+i. 

Note that two such sequences represent the same directed cycle if one is a circular permutation of the 
other. That is, the directed cycle given by xq, xq, xi, xi,..., x„_i, Xn, x„, vq is the same as the one given by 

We call a directed graph acyclic if it does not contain any directed cycles. 
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Two directed cycles in G are called edge-disjoint if they have no common edges. Two directed cycles in 
G are called disjoint if they have no common verticesQ 
For a directed graph G, we define 

• a{G) to be the maximal number of pairwise edge-disjoint directed cycles in G, 

• a{G) to be the maximal number of pairwise disjoint directed cycles in G, 

• /3(G) to be the minimal number of edges in G whose removal from G destroys all directed cycles in 

G. 

a(G) is known as the cycle packing number of G. We call d(G) the strong cycle packing number of G. /3(G) 
is known as the cyclomatic number of G. Clearly, a(G) < q.{G) < (d{G). Moreover, by the Lucchesi-Younger 
Theorem [5], q:(G) = /3(G) if G is planar. 

For a vertex v of G, we define 

• ay{G) to be the maximal number of pairwise edge-disjoint directed cycles in G, each of which contains 

y, 

• jdviG) to be the minimal number of edges incident at v whose removal from G destroys all directed 
cycles in G containing v. 

Again, a.„(G) < /3„(G). 

More generally, for a subset E of E{G), define 

• aE{G) to be the maximal number of pairwise 
contains at least one edge in E. 

• I3e{G) to be the minimal number of edges in E 
in G containing at least one edge in E. 

Once more, q;_e(G) < /3£(G). 

For two distinct vertices u and v of the directed graph G, dehne a directed graph Gu^v by 

(1) deleting all edges that have u as their terminal vertex, 

(2) deleting all edges that have v as their initial vertex, 

(3) after the previous two steps, identifying the vertices u and v. 

Denote by ujfv the vertex of Gu^v from the vertices u and v of G. One can see: 

(1) The natural inclusion map E(Gu^v) ^ E{G) induces a one-to-one correspondence between directed 
paths in G from u to v and directed cycles in Gu^v containing 

(2) Under this correspondence, a collection of directed paths in G from u to u is pairwise edge-disjoint 
if and only if the corresponding collection of directed cycles in G„_>„ containing ujj^v is pairwise 
edge-disjoint. 

(3) cXu—^yl^G') — cXu^v{Gu—^v') and jdu^viG') — 

A flow network iV is a quadruple N = (U, c, s, t), where 

(1) U is a finite set, 

(2) s and t are distinct elements of U, called source and sink of iV, 

(3) c:VxV^ M>o is the capacity function of N satisfying c{v, v) = c(u, s) = c{t, v) = 0 for all v gV. 
A flow f ot N is a function / : U x U —>■ R>o such that 

(1) f{u,v) < c{u,v) for all u, v GV, 

(2) u) for all u G U \ {s, t}. 

The flow number of / is |/| = f{s,v) = '^y^y f(v-,t)- The maximal flow number of N is |iV| := 

max{|/| I / is a flow of N}. 

For the flow network N, we dehne an associated directed graph Gtv by 

( 1 ) V{Gn) = V, 

(2) for any pair {u,v) GV xV, there are exactly [c(it,u)] directed edges from u to u in Gn, where [c] 
is the least integer not less than c. 

One can check that the maximal flow number |A^| of N satishes |A^| < as-yt{GN) < Ps-ytiGN)- 


edge-disjoint directed cycles in G, each of which 
whose removal from G destroys all directed cycles 


^Clearly, disjoint directed cycles are also edge-disjoint. 
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1.2. Incidence ideal and incidence set. Before stating the definition of the incidence ideal and the 
incidence set, we first recall the definition of elementary symmetric polynomials. For each I > 1, denote by 
ei{xi ,..., Xm) the l-th elementary symmetric polynomial in the variables xi,..., Xm- That is, 


( 1 . 1 ) 


(^1 5 ■ • ■ 5 ^ m ) — 


0 


’ ’ ' ^i. 


iil = 0, 

if 1 < Z < m, 
ii I > m. 


Definition 1.1. Let G be a directed graph. The polynomial ring 'Z[E{G)] is Z-graded so that every x G E{G) 
is homogeneous of degree 1. 

For a vertex v of G, suppose xi ,...,Xm are the edges having v as their initial vertex, and yi, ■ ■ ■ ,yn are 
the edges having v as their terminal vertexQ Set = max{m,n}. For 1 <l < ky, define 

(1.2) 5yj := ei{xi,..., Xm) - ei{yi,... ,yn) € Z[E{G)] 

and call it the degree I incidence relation at v. 

Let Ac ■= {Syj I V G 1^(G), 1 < I < ky} he the set (counting multiplicity) of all incidence relations in G. 
Denote by /(G) the ideal of Z[£'(G)] generated by the set Aq. We call /(G) the incidence ideal for G. Note 
that /(G) is a homogeneous ideal. Therefore, it defines a complex projective algebraic set 

P(G) := {p G I f{p) = 0, V / G /(G)}. 

We call P{G) the incidence set of G. 

Before stating our main result, we introduce the cycle spectrum of a directed graph. 

Definition 1.2. Let G be a directed graph. A collection C of pairwise edge-disjoint directed cycles in G is 
called maximal if it is not a subcollection of any collection of pairwise edge-disjoint directed cycles in G. In 
other words, C is maximal if, after removing all edges belonging to directed cycles in C from G, the remaining 
directed graph is acyclic. 

Define 7 n(G) to be the number of maximal collections of pairwise edge-disjoint directed cycles in G 
containing exactly n cycles. We call the sequence r(G) := {7n(G)}^2 the cycle spectrum of G. Note 
that any collection of Qf(G) pairwise edge-disjoint directed cycles in G is maximal. But it is possible to have 
maximal collections of pairwise edge-disjoint directed cycles containing less than q;(G) cycles. Also, the cycle 
spectrum r(G) contains only finitely many non-zero terms since 7 n(G) = 0 if n > q;(G). 

Our main result is that the incidence set determines the cycle packing number and the cycle spectrum. 

Theorem 1.3. Let G be any directed graph. Then: 

(1) P(G) is a union of finitely many linear subspaces o/ 

(2) dimP(G) = a(G) - 1; 

(3) degP(G)=7a(G)(G); 

(4) ln(G) is equal to the number of irreducible components of P{G) of dimension n — 1. 

Slightly modifying the definition of the incidence set, we get a method of determining the strong cycle 
packing number and the strong cycle spectrum defined below. 

Definition 1.4. Let G be a directed graph. For a vertex v of G, suppose xi,... ,Xm are the edges having 
V as their initial vertex, and j/i,..., are the edges having v as their terminal vertex. Recall that ky = 
max{m,n}. The set of strong incidence relations of G at u is 

:= {ei(xi , . . . , Xm ) - ei(yi,.. ■,y„)} U {ei(xi , . . . , Xm ) \ 2 < l < m} U {efiyi,... ,yn) \ 2 < l < n}. 

Denote by /(G) the ideal of Z[/?(G)] generated by the set Ac ■= Ui,gy(G) -^(G) the strong 

incidence ideal for G. Note that /(G) is a homogeneous ideal. Therefore, it defines a complex projective 
algebraic set 

P(G) := {p G I f{p) = 0, V / G /(G)}. 

We call P{G) the strong incidence set of G. 


is possible to have Xf = yj since we allow loops. 
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A collection C of pairwise disjoint directed cycles in G is called strongly maximal if it is not a subcollection 
of any collection of pairwise disjoint directed cycles in G. In other words, C is strongly maximal if, after 
removing all edges incident at vertices of cycles in C from G, the remaining directed graph is acyclic. 

Define jn{G) to be the number of strongly maximal collections of pairwise disjoint directed cycles in G 
containing exactly n cycles. We call the sequence r(G) := {^n{G)}'^^i the strong cycle spectrum of G. 

Clearly, we have that /(G) C /(G), P{G) D P{G) and ^n{G) < 7 n(G). 

Corollary 1.5. Let G he any directed graph. Then: 

(1) P{G) is a union of finitely many linear subspaces o/ 

(2) dimP(G) = d(G) - 1; 

(3) degP{G) = ^aiG){G); 

(4) ln(G) is equal to the number of irreducible components of P{G) of dimension n — 1. 

There are several general purpose software packages for algebraic geometry, such as CoCoA, Macaulay2 
and Singular. One can use these packages to compute dimensions and degrees. So, for small directed graphs. 
Theorem O and Corollary 11.51 provide an automated method of computing a(G), 7 q(g)(G') and 5(G), 

A natural question is that, for what G, is P{G) or P{G) a projective variety, that is, an irreducible 
projective algebraic set? Knowing Theorem 11.31 it is relatively easy to hnd a combinatorial answer to this 
question. 

Theorem 1.6. Let G be a directed graph. 

(1) The following statements are equivalent: 

(a) P{G) is a projective variety; 

(h) P{G) is a linear subspace o/ 

(c) G contains exactly q;(G) distinct directed cycles. 

(2) The following statements are equivalent: 

(a) P{G) is a projective variety; 

(b) P{G) is a linear subspace of ; 

(c) G contains exactly 5(G) distinct directed cycles. 

(3) If P{G) is a projective variety, then P{G) = P{G). 

We will prove Theorem 11.31 Corollary 11.51 and Theorem 11.61 in Section [2] below. 

1.3. Khovanov-Rozansky homology and its Krull dimension. In [H [5], Khovanov and Rozansky 
introduced an innovative method of constructing link homologies whose graded Euler characteristics are 
versions of the HOMFLYPT polynomial. Such constructions are known as categorifications in knot theory. 
The homologies constructed by Khovanov and Rozansky are now called the Khovanov-Rozansky homology. 
Since their initial work, the Khovanov-Rozansky homology has been generalized and re-interpreted by many 
researchers. See, for example, [a 0 m 112] and many more. Khovanov and Rozansky’s construction is a 
two step process. First, they defined a Koszul matrix factorization for each MOY graph0 Then, using the 
crossing information in a link diagram, they constructed a chain complex of matrix factorizations for each 
link diagram. The hard part of their work is to prove that their homology is independent of the choice of 
the diagram of a link. 

The Khovanov-Rozansky homology of directed graphs defined below is a straightforward generalization of 
the first step in the construction of the HOMFLYPT version of the Khovanov-Rozansky homology of MOY 
graphs given in [^. The only change is that we no longer require the graph to be MOY. 

Definition 1.7. Let G be a directed graph. Recall that Ac is the set (counting multiplicity) of all incidence 
relations in G. 


MOY graph is a directed graph such that the in-degree of each vertex is equal to the out-degree of the same vertex. The 
name is an acronym of the authors of [H]. 
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The Khovanov-Rozansky chain complex ‘^*(G) is the graded Koszul chain complex over 

Z[E{G)] defined by AgH The Khovanov-Rozansky homology ^(G) of G is the homology of ‘^*(G). 

Note that, as a graded Koszul chain complex, ‘^*(G) has a Z©Z-grading. One is the homological grading, 
and the other is the Z-grading of the underlying Z[i5(G)]-module. Clearly, 0^(G) inherits this Z©Z-grading. 

There is also the notion of the Khovanov-Rozansky homology over Q. In this case, the chain complex is 
<rQ(G) := Q ©z <^*(G) and the homology is the homology of ‘^^(G). 

Lemma 1.8. If directed graphs G and G' are isomorphic, then ^^,{G) = '^*(G') as chain complexes of graded 
'Z[E{G)]-modules. Therefore, J^f^,{G) = Jtl{G') as Zi (B'Z-graded 7j[E{G)]-modules. 

Proof. A graph isomorphism gives one-to-one correspondences V{G) —>■ V{G') and E{G) —>■ E{G') that, 
when combined, preserve the incidence relations. □ 

Next we recall the definition of the Krull dimension. Properties of the Krull dimension relevant to our 
proofs will be reviewed in Section |4l 

Definition 1.9. Let i? be a commutative ring with 1. The Krull dimension of R is 

K-dim R := sup{n > 0 | there are n -I- 1 prime ideals po: Pi, ■ • ■, Pn of i? such that po $ Pi £ • ■ • Si Pn 5^ R}- 
For an i?-module M, define annij(M) = {r G i? | rm = 0 Vm G M}, which is an ideal of R. Then 

K-dim/jM := K-dim(i?/annfl(M)). 

It is possible to have K-dimi? = -|-cxd. But this does not happen for the rings we will discuss in this 
paper. Also, for an ideal I of R, ann/j(i?//) = I. So K-dim/j(i?/J) = K-dim(i?/J), where the left hand side 
is the Krull dimension of an i?-module, and the right hand side is the Krull dimension of a ring. 

The following fact can be found in many introductory books to projective algebraic geometry. 

Fact 1.10. For a homogeneous ideal I ofQ[xo,... ,x„], denote by X{I) the projective algebraic set 
A(/) = {(xo : ••• gCP” | /(xq, ..., a:„) = 0 (V / G/)}. 

Then dim A(/) = K-dimQjxo,..., Xn]/I — I. 

By Lemma lTTl below. for a directed graph G, its 0-th Khovanov-Rozansky homology is the graded Z[£'(G)]- 
module J^(G) = Z[i5(G)]//(G), and K-dim^j^;] J^(G) = K-dimz[_E] ^(G) for any E C E{G). So, in the 
discussions below, we state results in terms of Krull dimensions of J^(G) instead of the whole Khovanov- 
Rozansky homology J^(G). 

1.4. Khovanov-Rozansky homology and directed cycles. 

Theorem 1.11. Let G be a directed graph. 

1. The following statements are equivalent: 

(1) G is acyclic; 

(2) Jto(G) is a finitely generated'L-module; 

(3) Jtl{G) is a finitely generated "L-module; 

(4) There is an n > 1 such that x" G 1(G) for all x G E{G), where I{G) is the incidence ideal ofL[E{G)\; 

(5) K-dimz[B(G)] J^o{G) = 1; 

(6) K-dimQ[B(G)] = 0. 

2. a{G) = K-dimQ[£;(G)]< K-dimz[_E(G)] — 1 < /5(G). In particular, if G is planar, then 

a{G) = K-dimQ[B(G)] J^^{G) = K-dimz[B(G)] J^o{G) - 1 = /3(G). 

As a byproduct of the proof of Theorem 11.111 we have the following general proposition. 

Proposition 1.12. For a directed graph G and E C E{G), 

oie{G) < K-dimQ[s] M’^iG) < K-dimz[_E] .^(G) - 1. 

If E is the subset of all edges incident at a vertex v of G, then we have stronger results. 

'^Strictly speaking, we need to specify a linear order for A^. But, as we shall see in Section [S] a change of such a linear 
order does not change the isomorphism type of the Khovanov-Rozansky chain complex. 
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Theorem 1.13. Let G be a directed graph, and v a vertex in G. Denote by E{v) the set of all edges of G 
incident at v. 

1. The following statements are equivalent: 

(1) There are no directed cycles in G containing v; 

(2) 7\E[v)]/dxmx[E(v)]{.^o{G)) is a finitely generated Z-module; 

(3) l\E(v)]/axm'^]^E(v)](.’^*{G)) is a finitely generated Z-module; 

(4) There is ann > 1 such that £ I{G) for all x £ E{v), where I{G) is the incidence ideal ofZ[E{G)]; 

(5) K-dimz[£;(„)] ^o{G) = 1; 

(6) K-dimQ[£;(„)] = 0. 

2. ay{G) < K-dimQ[£;(„)] Jtf^{G) < K-dimz[B(„)] Jifo{G) - 1 < /3^(G). 

One can also detect directed cycles containing a particular edge using J%. 

Corollary 1.14. Let G be a directed graph, and x an edge in G. The following statements are equivalent: 

(1) There are no directed cycles in G containing x; 

(2) Z[a;]/annz[ 3 ,](J^fl(G)) is a finitely generated "L-module; 

(3) Z[a;]/annz[ 3 ,](JC(G)) is a finitely generated Ij-module; 

(4) There is an n> 1 such that x^ £ /(G), where 1(G) is the incidence ideal of hlEiG)]: 

(5) K-dimz[,].^^o(G) = l; 

(6) K-dimQ[,^] J^^(G) = 0. 

There is a directed cycle in G containing x if and only z/K-diniQfj,] Jff^(G) = K-dimzjj;] J^(G) — 1 = 1. 

Corollarv ll. 141 follows easily from Theorem ll.131 We will prove Theorems ll.lllfT.131 ProDOsition ll.l2l and 
Corollarv ll.lll in Section U) 

Using the aforementioned relation of directed paths and cycles, we have the following immediate corollaries. 

Corollary 1.15. Let G be a directed graph, and u, v two distinct vertices in G. Denote by E(uffv) the set 
of all edges of Gu^v incident at uffv. 

1. The following statements are equivalent: 

(1) There are no directed paths in G from u to v; 

(2) 'Z[E(uffv)]/a,TLmz[E(u#v)]i’2ftb(Gu^v)) is a finitely generated ^-module; 

(3) 'Z[E(uffv)]/aimi,[E(u#v)]i’2ffi(Gu^v)) is a finitely generated'L-module; 

(4) E-(liTa'^]^E{ui^v)] 3^(Gu^v) — 1 ; 

(5) K-dimQ[£(„^^)] Jiff^(Gu^v) = 0. 

2- o^u—hviG) ^ K- (Gu—hv) ^ E.-(Tn\ii^^E[uij^v)] 3^(Gu^v) 1 ^ fiu—>-v(G). 

Proof. Follows immediately from Theorem ll.131 □ 

Corollary 1.16. Let N be a flow network of with source s and sink t, and Gn the directed graph as¬ 
sociated to N. Denote by {GN)s-^t the directed graph obtained from Gn by identifying s, t and by sfft 
the vertex in {GN)s^t from s, t. Then the maximal flow number |iV| of N satisfies |A^| < as-j.t(GAr) < 
K-dimQ[E(s#t)] Jff^{{GN)s^t) < K-d\m.^E(sm)] 3iffi((G n) s^t) - 1 < As^AGn), where E(sfft) is the set of 
edges in (GN)s^t incident at sfft. 

Proof. Follows immediately from Part 2 of Corollary 1 1.1 51 □ 

1.5. Undirected cycles. The Khovanov-Rozansky homology also detects undirected cycles in a directed 
graph. Here, an undirected cycle in a directed graph G is a sequence 

^0; ^1; • ■ • ; ^71 — 1; "^n+l — "^^0 

satisfying 

(1) vo,vi,... ,Vn are pairwise distinct vertices of G, 

(2) each Xi is an edge of G either with initial vertex Vi and terminal vertex Ui+i or with initial vertex 
Ui+i and terminal vertex Vi 
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Again, two such sequences represent the same undirected cycle if one is a circular permutation of the other. 
That is, the undirected cycle given by vo,xo,vi,xi, ... ,Xn-i,Vn,Xn,vo is the same as the one given by 

: - ■ • : ^ n — 1 : '^n 7 7 "^0 7 ^0 5 "^1 ■ 

We formulate our results on undirected cycles as Theorems 11.171 and 11.181 
Theorem 1.17. Let G be a directed graph. 

1. The underlying undirected graph of G is a disjoint union of trees if and only if = Ji^{G) = Z as 

graded Z[E{G)]-niodules, where Z is the graded Z[E{G)]-niodule Z = Z[E(G)]/(E(G)), and {E{G)) is the 
homogeneous ideal of Z[E{G)] generated by E{G). 

2. G contains an undirected cycle if and only if Mb,i{G) 0, where Mb,iiG) is the homogeneous component 
of Mb {G) of module degree 1. 

3. Define 

• OLundirectediG) to he the maximal number of pairwise edge-disjoint undirected cycles in G, 

• Pundirected(,G) to bc the minimal number of edges in G whose removal from G destroys all undirected 
cycles in G. 

Then aundirected{G) < rank.^ 4 (G') < j3undirected{G), where T:imkMb,i{G) is the rank of Mb,i{G) as a 
Z-module. 

Theorem 1.18. Let G be a directed graph and v a vertex of G. Denote by E{v) the set of edges of G 
incident at v. Define A{v) = Z[i?(z;)]/(annz[£:(^)] which is a graded Z[E{v)]-module. 

1. There are no undirected cycles in G containing v if and only if A{v) = Z as graded Z[E{v)\-modules, 
where Z is the graded Z[E{v)]-module Z = Z[E{v)]l{E{v)), and {E(v)) is the homogeneous ideal of 
Z[E{v)] generated by E(v). 

2. There is an undirected cycle in G containing v if and only if Ai(y) ^ 0, where Ai(v) is the homogeneous 
component of A{v) of module degree 1. 

3. Define 

• ctundirected{G,v) to be the maximal number of pairwise edge-disjoint undirected cycles in G, each of 
which contains v, 

• PundirectediG, v) to be the minimal number of edges in G incident at v whose removal from G destroys 
all undirected cycles in G containing v. 

Then Otundirect&diG^V^ ^ rankAi(‘r) ^ jjundirected(.G, vf 

The proofs of Theorems 11.171 and 11.181 have the same flavor as that of Theorems 11.111 and 11.131 but are 
more elementary. We include these in Section [S] 

It turns out that Mb,i{G) is closely related to the vertex-edge incidence matrix. For a directed graph G, 
we order its vertices and edges. That is, we write V (G) = {tii,..., Vm} and E{G) = {xi,..., Xn}- Denote by 
Z ■ E{G) the free Z-module generated by E(G). Identify the Z-modules Z • E{G) and Z" by the isomorphism 
which identifies each Xj with the row vector with a single I at the j-th position and O’s at all other positions. 
The vertex-edge incidence matrix D = {dij)mxn of G is defined by 

{ 1 if Vi is the terminal vertex, but not the initial vertex of Xj, 

— I if Ui is the initial vertex, but not the terminal vertex of Xj, 

0 otherwise. 

Clearly, the above identification maps the degree 1 incidence relation <5^ i at a vertex v to the row in D 
corresponding to v. Note that Mb,i{G) is isomorphic to Z • E{G) modulo all degree 1 incidence relations in 
G, which is isomorphic to Z" modulo the submodule generated by rows of the vertex-edge incidence matrix. 
In view of this, Theorem 1 1.1 71 implies that the following statements are equivalent: 

(1) There is an undirected cycle in G. 

(2) The submodule of Z" generated by rows of D is not Z". 

(3) The submodule of Z" generated by rows of D has rank less than n. 

This and some other related results were known prior to our work. 

The following corollary is a re-formulation of Theorems 11.171 and 1 1.1 81 using linear algebra over Z 2 without 
referring to the Khovanov-Rozansky homology. Versions of this corollary were known prior to our work. 
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Corollary 1.19. Let G he an undirected graph with finite vertex set V{G) and finite edge set E{G). For any 
V G V{G), denote by E(v) the set of edges in G incident at v and by L(v) the set of loops in G at v (edges 
connecting v to v). Define I 2 ■ E{G) := ^2 ■ x, which is a linear space over the field Z 2 . Define S 

to be the subspace 0 /Z 2 • E{G) spanned by eE{v)\L{v)^ I ^ ^ 

L oiundirected{G) < \E{G)\ - dimz^ S < PundirectediG)^ In particular, |i5(G)| > dimz^ S if and only if there 
is an undirected cycle in G. 

2. Define Z 2 • E(v) := ®xg-E(d) ^2 ' which is a subspace 0 /Z 2 • E[G). Then 

C^undirected(,G, ^ |-Zl/('r)| dirrLZ 2 (^2 ' E(^V^^ 0 5* — dirrLZ 2 (^2 ' E(v^ -t- 5) dirilZ 2 ^ — PundirectedifG ,v'). 

In particular, |i?(w)| > dimz 2 (Z 2 • E(v)) Ci S if and only if there is an undirected cycle in G containing v. 

3. For an edge x of G, there exists an undirected cycle in G containing x if and only if x ^ S. 

Parts 1 and 2 of Corollary 11.191 follow from Theorems 11.171 and 11.181 via an easy computation of Z 2 02 
J^p{G) and Z 2 02 Ai{v). Part 3 follows from a simple direct argument. We include the proof of Corollary 
11.191 in Section [5l 

Part 3 of Corollary 11.191 explains how to use the vertex-edge incidence matrix D over Z 2 to detect the 
existence of undirected cycles in G containing a particular vertex or edge. Let D' be the reduced row echelon 
matrix over Z 2 obtained by row operations from D. Then the non-zero rows of D' form a basis for 5. By 
Part 3 of Corollary 11.191 an edge Xj of G is not contained in any undirected cycles in G if and only if Xj, 
viewed as a row vector in Z 2 , is equal to a row of D'. Therefore, a vertex u of G is not contained in any 
undirected cycles in G if and only if all edges incident at v are equal to rows of D'. 

1.6. A homology for undirected graphs. We should mention that one can modify the definition of the 
Khovanov-Rozansky homology to define a version of it for undirected graphs. 

Definition 1.20. Let G be an undirected graph with finite vertex set V{G) and finite edge set EiG). For 
any vertex v of G, denote by E{v) the set of edges in G incident at v counting multiplicitiesO Define 
U^{G) to be the graded Koszul chain complex over Z[i?(G)] defined by the sequence Dg = 

{ei{E{v)) I V G V{G), 1 < I < degu}, where ei{E{v)) is the elementary symmetric polynomial on E{v). 
That is, if E{v) = {xi,..., XmjQ then ei{E{v)) is given by Equation (11.11) . 

Dehne '^^(G) to the homology of U^{G). 

Note that, as a graded Koszul chain complex, U^{G) has a Z©Z-grading. One is the homological grading, 
and the other is the Z-grading of the underlying Z[£’(G)]-module. Clearly, ‘P/„{G) inherits this Z©Z-grading. 

The following proposition describes some basic properties of ‘^*(G). 

Proposition 1.21. Let G he an undirected graph. 

1. ‘^*(G) is a finitely generated 1-module. 

2. G is a disjoint union of trees if and only if ^.^(G) = ‘%(G) = 1 as graded 1[E{G)\-modules, where 1 
is the graded 1[E{G)]-module Z = Z[£'(G)]/(£'(G)), and {E{G)) is the homogeneous ideal of 1[E(G)] 
generated by EiG). 

3. G contains an undirected cycle if and only i/'%^i(G) 0, where '^o,i(G) is the homogeneous component 

of (G) of module degree 1. 

4- ^undirectediG) ^ dimz 2 1^2 C'Z *^^,l(G) ^ Pundirectedi,G). 

The proof of Proposition ll.21l is very similar to the proofs of the corresponding results about the Khovanov- 
Rozansky homology, especially that of Theorem 11.171 In Section [5l we give a sketch of its proof and leave 
the details to the reader. 


^Strictly speaking, aundirectiidiG), PundirectediG) and a.,^ndirectediG,v), IIundirected{G,v) are defined above for directed 
graphs. But these are clearly independent of the directions of edges in G and are therefore invariants for undirected graphs. 

®That is, each loop edge at v appears twice in E(v), each non-loop edges incident at v appears once in E{v). This ensures 
that |£^(n)| =degu. 

^It is possible to have Xi = Xj since we allow loops and count multiplicities in E(v) in the undirected situation. 



















1.7. Remarks and questions. For Proposition ! 1.1 21 the author was only able to prove that K- diniQf^;] 
K-dimz[£;] J^(G) — 1. But, if this inequality is strict for some graphs, it then means that the Khovanov- 
Rozansky homology over Q, which should retain less information about the graph than the Khovanov- 
Rozansky homology over Z, actually provides a stronger upper bound for aE^G) than the homology over Z. 
This would certainly be very odd. 

Conjecture 1.22. For any directed graph G and any subset E of E{G), 

K-dimQfB] = K-dimz[£;] J^(G) - 1. 

From Theorems 11.11! and 11.131 we know that, if the subset E of E{G) \s E = E{G) or E(v) for some 
V G F(G), then K-dim^j^;] J^(G) — 1 < /3e(G). 

Question 1.23. Is it true that K-dim^jg] J^o{G) — 1 < /3e(G) for all E C E{G) ? 

In this paper, we only used the 0-th Khovanov-Rozansky homology. A more comprehensive study of 
using techniques from homological algebra and commutative algebra should reveal more combinatorial 
information of the graph implicit in the Khovanov-Rozansky homology. 

Question 1.24. What other combinatorial information of a graph is implicit in its Khovanov-Rozansky 
homology? 

1.8. Organization of this paper. First, in Section^ we prove Theorem !!. 31 Corollary !!. 5! and Theorem 
!1.6! Then, in Section[3l we review the definition and properties of graded Koszul chain complexes and deduce 
some properties of the Khovanov-Rozansky homology. After that, in Section |4j we recall basic properties of 
the Krull dimension and prove Theorems !!. 11! and !1.13l Finally, in Section [Sj we discuss undirected cycles. 

Acknowledgments. This project was initiated while the author was visiting the Math Department of the 
University of Maryland during his sabbatical. He would like to thank the Department and especially his 
host. Professor Xuhua He, for their hospitality. 

2. Structure of the Incidence Set 

In this section, we study the structure of P(G) and prove Theorems !1.3! and !1.6! Facts about projective 
algebraic geometry used in this section can be found in [I] . 

2.1. Disassembling a directed graph. Before stating our definition of disassemblies of a graph, let us 
first recall the concepts of directed trails and directed circuits. 

Given a directed graph G, a directed trail in G from a vertex u to a different vertex u is a sequence 
u = Vo, xq, vi,xi,..., Xn-i,Vn = V such that 

(1) Xq, xi,..., Xn -1 are pairwise distinct edges of G, 

(2) each Xi is an edge of G with initial vertex Vi and terminal vertex Vi+i. 

A directed circuit in G is a closed trial, that is, a sequence uq, xo,vi,xi ,..., Xn-i,Vn, = vq satisfying 

(1) Xq, xi,..., Xn are pairwise distinct edges of G, 

(2) each Xi is an edge of G with initial vertex Vi and terminal vertex Vi+i. 

Two such sequences represent the same directed circuit if one is a circular permutation of the other. 
That is, the directed circuit given by uq, xq, ui,xi,..., x„_i, u„,x„, uq is the same as the one given by 

'^ n ; 5 '^0 5 ^0 5 ■ 

In paths and cycles, we disallow repeated vertices and, therefore, disallow repeated edges. But, in trails 
and circuits, we only disallow repeated edges, but allow repeated vertices. Also, we have the following 
observation. 

Lemma 2.1. The set of edges of a directed circuit is the set of edges of a collection of pairwise edge-disjoint 
directed cycles attached together at shared vertices. 

Definition 2.2. Let G be a directed graph. For a vertex v of G, let the in-degree of u be n and out-degree 
of V be m. Recall that ky = max{m,n}. Set ly = min{m,n}. 

To disassemble G at u is to split v into ky vertices such that 
(1) of these new vertices have in-degree 1 and out degree 1. 












(2) kv — Iv of these new vertices have degree 1 such that 

• if TO > n, then each of these degree 1 vertices has in-degree 0 and out-degree 1; 

• if TO < n, then each of these degree 1 vertices has in-degree 1 and out-degree 0. 

Of course, depending on how inward edges and outward edges are matched, there are many different ways 
to disassemble G at v. 

To disassemble G is to disassemble G at all vertices of G. Again, there are many ways to disassemble a 
directed graph. We call each graph resulted from disassembling G a disassembly of G and denote by Dis(G) 
the set of all disassemblies of G. 

The following lemma is a series of simple observations about disassemblies. 

Lemma 2.3. Let G be a directed graph, and D a disassembly ofG. 

(1) D is a directed graph whose vertices are all of degree 1 or 2. And, each vertex of degree 2 of D has 
in-degree 1 and out-degree 1. 

(2) D is a disjoint union of directed paths and directed cycles. 

(3) E{D) = E{G) and there is a natural graph homomorphism from D to G that maps each edge to itself 
and each vertex v in D the vertex in G used to create v. 

(4) Under the above natural homomorphism, 

• each directed path in D is mapped to a directed trail in G, 

• each directed cycle in D is mapped to a directed circuit in G, 

• the collection of all directed cycles in D is mapped to a collection of pairwise edge-disjoint 
circuits in G. 

(5) a{D) < a(G) and ct(D) = a(G) if and only if the collection of all directed cycles in D is mapped to 
a collection of a{G) pairwise edge-disjoint directed cycles in G by the natural homomorphism. 

Proof. Parts (1-4) are obvious, we leave their proofs to the reader. Part (5) follows from Part (4) and Lemma 

[211 □ 


Lemma 2.4. Let G be a directed graph. Given any collection C of pairwise edge-disjoint directed circuits in 
G, there is a disassembly D of G such that every directed circuit in C is the image of a directed cycle in D 
under the natural graph homomorphism from D to G. 

In particular, there is a disassembly D of G such that a{D) = a{G). 

Proof. To get such a D, one just needs to make sure that, when disassembling G, each pair of adjacent edges 
in each circuit in C are matched together. Edges not contained in any circuits in C can be matched in any 
possible way when disassembling G. 

For the second half of the lemma, just pick C to be a collection of a(G) pairwise edge-disjoint directed 
cycles in G. Then the conclusion follows from the first half and Part (5) of Lemma [2.31 □ 


Lemma 2.5. Let G be a directed graph. 

(1) For any disassembly D of G, the incidence set P{D) of D is a linear subspace of dimension a{D) — 1 

(2) For any two disassemblies Di and D 2 of G, P{Di) = P{D 2 ) as linear subspaces if 

and only if, under the natural homomorphisms from Di and D 2 to G, the collections of all directed 
cycles in Di and D 2 are mapped to the same collection of pairwise edge-disjoint circuits in G. 


Proof. For Part (1), note that P{D) is determined by the linear equations 


( 2 . 1 ) 


x = 0 if a; is not an edge of any directed cycle in D, 

X = y if a; and y are edges in the same directed cycle in D. 


The solution space of m in is a(Il)-dimensional since there is a one-to-one correspondence between 

free variables in the solution and directed cycles in D. P{D) is the image of this solution space in 
So P{D) is a linear subspace of dimension a{D) — 1 of 

Now consider Part (2). First, if collections of all directed cycles in Di and D 2 are mapped to the same 
collection of pairwise edge-disjoint circuits in G, then P{Di) and P{D 2 ) are defined by the same linear 
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equations. So P[Di) = P(£> 2 ) in this case. Next, assume that P{Di) = P{D 2 ). For an edge x oi G 
and i = 1,2, a; is not contained in any directed cycle in Di if and only if x = 0 at all points in P{Di). 
Since P{Di) = P{D 2 ), this implies that x is not contained in any directed cycle in Di if and only if x is not 
contained in any directed cycle in 02- Similarly, edges x and y are contained in the same directed cycle in Di 
if and only if x = y at all points in P{Di) and x ^ 0 at some point in P{Di). Again, since P{Di) = P(£> 2 ), 
this implies that x and y are contained in the same directed cycle in Di if and only if x and y are contained 
in the same directed cycle in D 2 . Thus, there is a bijection between directed cycles in Di and directed cycles 
in D 2 such that corresponding directed cycles have exactly the same edges. This implies that the collections 
of all directed cycles in Di and D 2 are mapped to the same collection of pairwise edge-disjoint circuits in G 
by the natural homomorphisms. □ 

2.2. Structure of the incidence set. In this subsection, we give an explicit description of the incidence 
set and prove Theorem 11.31 

First, we recall a simple corollary of Vieta’s Theorem. 

Lemma 2.6. Let xi,..., x„ and yi,..., j/„ be two sequences of complex numbers. Then the following state¬ 
ments are equivalent. 

(1) efc(xi,..., Xn) = efc(yi,..., y„) for fc = 1 ,..., n, where Ck is the k-th elementary symmetric polyno¬ 
mial. 

(2) There is a bijection a : {1,..., n} —>■ {1,..., n} such that Xi = ya{i) for i = 1,..., n. 

Lemma 2.7. For every directed graph G, 

P{G) = U 

I3GDis(G) 

as subsets 

Proof. For a vertex v of G, suppose xi,..., Xm are the edges having v as their initial vertex, and yi,..., y„ 
are the edges having v as their terminal vertex. Recall that = max{m,n}. Define two sequences In{v) = 
{ 2 /«.i, ■ • ■ and Out{v) = {x„,i,...,x„,fc„} by 

\yi if f < n, 

• yv,i — % . ■ ^ 7 

10 it n < I < A:^,, 

{ Xi if z < m, 

0 if m < z < 

From the definition of disassemblies, one can see that a point p is in U_DeDis(G) ™ only if that, for 

every vertex v, there is a bijection tT„ : {1,..., ky} —?> {!,..., such that p satisfies y„_i = x„ cr„(z) for all 
V € V (G) and 1 < z < . By Lemma 12.61 this is equivalent to that p satisfies all the incidence relations at 

all vertices of G. In other words, p G P{G). □ 

Lemma 2.8. Let G be a directed graph, and D a disassembly of G. Then P{D) is not a proper subset of 
P{D') for any D' G Dis(G) if and only if the natural homomorphism maps the directed cycles in D to a 
maximal collection of pairwise edge-disjoint directed cycles in G (in the sense of DeRnition \l.^ ) 

Proof. For any disassembly D of G, denote by C{D) the collection of pairwise edge-disjoint directed circuits 
in G given by the images of the directed cycles in D under the natural homomorphism. 

First assume that P{D) is not a proper subset of P{D') for any D' G Dis(G). If C{D) is not a maximal 
collection of pairwise edge-disjoint directed cycles in G, then 

1. either there is a directed circuit G' in C{D) that is not a directed cycle, 

2. or there is a directed cycle G" in G that is edge-disjoint from all directed cycles in C(D). 

In Case I, by Lemma I^TTl one get a collection C of pairwise edge-disjoint directed circuits in G by replacing 
G' with the pairwise edge-disjoint directed cycles whose edges coincide with those of G'. By Lemma [2.41 
there is a disassembly D' of G such that C{D') contains C. It is easy to see that P{D) is a proper subset of 
P{D'). In Case 2, by Lemma [2.41 there is a disassembly D" of G such that C{D") contains C{D) U {G"}. 
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It is easy to see that P{D) is a proper subset of P{D"). This shows that C{D) is a maximal collection of 
pairwise edge-disjoint directed cycles in G. 

Now assume that C{D) is a maximal collection of pairwise edge-disjoint directed cycles in G. Let D' be 
a disassembly of G such that P{D) C P{D'). Suppose a directed circuit G in C{D') contains an edge x 
that is not an edge of any directed cycle in C{D). Then we know that every point in P{D') satishes y = x 
for every edge y of G. Since P{D) C P{D'), this implies that y = a: = 0 in P{D) for every edge y of G. 
Thus, C is edge-disjoint from every directed cycle in C{D). This contradicts the assumption that C{D) is 
a maximal. So the directed circuits in C{D') do not contain any edge that is not contained in any directed 
cycle in C{D). On the other hand, if x is an edge of some directed cycle in C{D), then x 0 at some point 
in P{D) C P{D'). This implies that x is the edge of some circuit in C{D'). Altogether, we have: 

Conclusion 1. The set of edges of all directed circuits in C{D') is equal to the set of edges of all directed 
cycles in C{D). 

Let X and y be edges of the same directed circuit in C{D'). Then x = y for all points in P{D') D P{D). 
Thus, X and y are in the same directed cycle in C{D). Next, assume x and y are edges of different directed 
circuits Cx and Gy in C{D') but are in the same directed cycle Cx,y in C{D). Then 

• for every edge z of Cx, z = x at every point in P{D') D P{D), 

• for every edge w of Gy, w = y at every point in P{D') D P{D), 

• X = y at every point in P{D). 

This implies that, for every edge z of Cx and every edge w of Gy, z = x = w = y at every point in P{D). 
Thus, the directed cycle Cx,y contains both circuits Cx and Gy, which is impossible. Therefore, we have 
Conclusion 2. Two edges are in the same directed circuit in C{D') if and only if these two edges are in 
the same directed cycle in C{D). 

Combining Conclusions 1 and 2, one gets that C{D') = C{D). By Part (2) of Lemma 12.51 this implies 
that P{D) = P{D'). Thus, P{D) cannot be a proper subset of P{D') for any D' G Dis(G). □ 

Proposition 2.9. Let G be a directed graph. For every maximal collection C of pairwise edge-disjoint directed 
cycles in G, there is a disassembly Dq of G such that C is the collection of images of directed cycles in Dc 
under the natural homomorphism. 

The set of irreducible components of P{G) is 

{P{Dc) \ C is a maximal collection of pairwise edge-disjoint directed cycles in G}. 

Proof. Again, for any disassembly D of G, denote by C{D) the collection of pairwise edge-disjoint directed 
circuits in G given by the images of the directed cycles in D under the natural homomorphism. 

By Lemmathere is a Dc G Dis(G) such that C C C{Dc). Since C is maximal, we have that C = C{Dc). 
Consider the union P := where C runs through all maximal collection of pairwise edge-disjoint 

directed cycles in G. Let D G Dis(G). If C{D) is a maximal collection of pairwise edge-disjoint directed 
cycles in G, then, by Lemma [2.51 P{D) = P{Dc{d)) is contained in P. If C{D) is not a maximal collection 
of pairwise edge-disjoint directed cycles in G, then, by Lemma [2.81 P{D) is a proper subset of P{Dc) for 
some maximal collection C of pairwise edge-disjoint directed cycles in G. Thus, by Lemma 12.71 

(2.2) P[G)=P-.= [}p{Dc). 

c 

Let Cl and C 2 be two distinct maximal collections of pairwise edge-disjoint directed cycles in G. By Lemma 
12.51 P{Dci) 7 ^ P{Dc.f). By Lemma P{Dcf) and P{Dc,f) cannot be proper subsets of each other. Hence, 
P{Dci) and Pl^Dc^) are not subsets of each other. Since every linear subspace of is irreducible, 

this shows that (12.21) is the decomposition of P{G) into its irreducible components. □ 

Now the proof of Theorem 11.31 is quite easy. 

Proof of Theorem M.S[ First, by Proposition [2)9l P{G) is a hnite union of linear subspaces of In 

particular, 

diinP(G) = max{dimP(i7c) | C is a maximal collection of pairwise edge-disjoint directed cycles in G}. 
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By Lemma [^31 dimP(£>c) = \C\ — 1, where \C\ is the number of pairwise edge-disjoint directed cycles in the 
maximal collection C. So 

dimP(C?) = max{|C| —1 | C is a maximal collection of pairwise edge-disjoint directed cycles in G} = a(G)—1. 

By the definition of 7 „ (G) in Definition 11.21 one can see that 

7 „(G) = |{C I C is a maximal collection of pairwise edge-disjoint directed cycles in G satisfying \C\ = n}| 

= the number of irreducible components of P{G) of dimension n — 1. 

Recall that the degree of a projective algebraic set is the sum of degrees of its top dimensional irreducible 
components. Since the degree of any linear subspace of is 1, we have 

degP(G) 

= |{C I C is a maximal collection of pairwise edge-disjoint directed cycles in G satisfying dimP(Dc) = oi{G) — 1}| 

= |{C I C is a maximal collection of pairwise edge-disjoint directed cycles in G satisfying \C\ = a(G)}| 

= la{G){G)- 

□ 

2.3. Collections pairwise disjoint directed cycles. We prove Corollary 1 1.51 in this subsection. 

Let G be a directed graph. We define a new directed graph Bq by 

(1) splitting each vertex u of G into two vertices Vin and Vout such that 

• all edges pointing into u in G now point into Vm in Bq, 

• all edges pointing out of u in G now point out of Vout in Bq, 

(2) for each vertex v of G, adding a single edge Zy to Bq pointing from Vin to Vout- 

Note that V{Bc) = {vm \ v S V{G)}U{vout \ v S V{G)} and E{Bc) = E{G)\J{zy \ v S V{G)}. Clearly, Bq 
is a directed bipartite graph since the edges in E{G) all point from {vout \ v G V{G)} to {vin \ v S F(G)}, 
and each Zy points from {vm | v € R(G)} to {vout \ v & ld(G)}. 

For a directed cycle G in G given by the sequence vo,xq, , x„_i, Xn, vq, we define a directed 

cycle e{G) in Bq by replacing each vertex Vi in G by the sequence {vi)in, Zy^, {vi)out- That is, e(G) is the 
directed cycle in Bq given by the sequence 

('^o)in, Z^vq 7 (^o)out j ^0 5 ('^l)in: : ^1 , . . . j Xfi— 1, j ("^n)out j 5 (^^o) in ■ 

Lemma 2.10. Let G be a directed graph, and Bq, e defined as above. Then: 

(1) e is a bijection from the set of directed cycles in G to the set of directed cycles in Bq; 

(2) A collection C of directed cycles in G is pairwise disjoint if and only if the collection {e(G) | G S C} 
is pairwise edge-disjoint in Bq; 

(3) A collection C of pairwise disjoint direeted cycles in G is strongly maximal in G if and only if the 
collection {e(G) \ G G C} of pairwise edge-disjoint directed cyeles is maximal in Bq; 

(4) d(G) = a{BQ), 7„(G) = ^n{BQ) V n G Z>o. 

Proof. For Part (1), note that e is injective since e{G) determines the set of edges of G. Also, since Bq is 
bipartite, the edges in any directed cycle in Bq must alternate between E{G) and {zy \ v G P(G)}. This 
implies that e is surjective. 

Two directed cycles Gi and G 2 in G share the vertex v if and only if the directed cycles e(Gi) and e(G 2 ) 
in Bq share the edge Zy. This implies Parts (2) and (3). 

Part (4) follows from Parts (1-3). □ 

With Lemma [2. 101 it is easy to see that Corollary 11.51 follows from Theorem II.31 

Proof of Corollarv \1.5\ We order edges of G as xi,..., and vertices of G as ui,..., Um, where n = |i?(G)| 
and m = |P(G) |. This give an ordering of the edges of Bq as xi,..., ,..., . 

For a vertex v of G, denote by In{v) the set of edges in G pointing into v. Define a map 
(j) . ([^pl-E(G)|-l _ ([^pI-E(Bg)|-1 _ (^-pn+m-1 

by 

$(xi . • • • . Xn^ — (xi . * * * . Xn ■ Zy.^ . • • • . Zy^^., 
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where Zy, = Y.xein{v,) 

Let W be the Zariski open set in given by 

W := {{xi : ■ ■ ■ : Xn : z,, : • • • : G | (xi,..., x„) ^ 0}. 

Define a map 'h : kh —?> by 

^'(xi : ■ ■ ■ : Xn ■■ Zy^ : ■ ■ ■ : Zy^) = {xi : ■ ■ ■ : Xy). 

It is clear that 

• $(P(G)) = P{Bo) and '^{P{Bg)) = P{G), where P{Bg) is defined as in Definition ll.il 

• (j) = : P{G) P{Bg) and ijj = d>|p(BG) : P{Bg) “t P{G) are morphisms of projective 

algebraic sets; 

9 Ip o (j) = idp^Q) and cpoip = idp(pp). 

So (p and ip are isomorphisms of projective algebraic sets. Therefore, P{G) and P{Bg) are isomorphic as 
projective algebraic sets. In particular, they have the same dimension and irreducible decomposition. By 
Part (4) of Lemma [2.101 this proves Parts (2) and (4) of Corollary 11.51 follows from Parts (2) and (4) of 
Theorem 11.31 

Note that all components of $ and 4/ are linear functions of the coordinates. So they map linear subspaces 
to linear subspaces. By Theorem ll.31 P{Bg) is the union of finitely many linear subspaces of 
So P{G) is a union of finitely many linear subspaces of This proves Part (1) of Corollary 11.51 

Finally, since all irreducible components of P{G) are linear subspaces, and the degree of any linear subspace 
is 1, deg P{G) is equal to the number of irreducible components of P(G) of dimension a{G) — 1 = g^Bg) — 1- 
So, by Part (4) of Corollarv ll.51 degP(G) = ja{G){G). This proves Part (3) of Corollary 11.51 □ 

2.4. Irreducible incidence sets. In this subsection, we prove Theorem 11.61 First, we recall a fact about 
the dimension of projective algebraic sets. 

Fact 2.11. The dimension of a projective algebraic set X is the maximal length r of a strictly increasing 
chain Zq <Z Zi <Z ■ ■ ■ <Z Zy of irreducible projective algebraic set contained in X. 

We divide the proof of Theorem 11.61 into Lemmas 12.121 and 12.131 below. 

Lemma 2.12. For a directed graph G, if P{G) is a projective variety, then G contains exactly a{G) distinct 
directed cycles, and P{G) is a linear subspace o/ 

Proof. Let a = a{G) and {Gi,..., Ga} a collection of a pairwise edge-disjoint directed cycles in G. For each 
Gi, denote by E{Ci) = {xip,... ,Xig,} the set of edges of Gi. Consider the linear subspace L of 
defined by 

(2.3) Xij = Xi,fc, V i, j and k, 

a. 

(2.4) a: = 0, V x G P(G) \ (|J P(G,)). 

i=l 

Then L is of dimension a — 1, and is contained in P{G). Assume L C P{G). Since P{G) is irreducible, by 
Fact 12.Ill this implies that a — 1 = dimL < dimP(G), which contradicts Theorem ll.31 Thus, P(G) = L 
is a linear subspace of It remains to show that G contains exactly a directed cycles. In other 

words, there are no directed cycles in G other than the cycles Gi,..., G^. Assume there is a directed cycle 
G in G different from Ci,..., Gq,. Consider the equations 

{x = y, V x,j/ G E{C), 

[x = 0, VxGP(G)\P(G), 

where E{G) is the set of edges of G. These equations determine a single point p G P{G). Since G is not 
equal to any Ci, one can see that either G contains an edge in E{G) \ (U^i -^(C'i)), or there is a Ci such 
that 0 C E{C) n E{Ci) C E{Ci). In either case, it is easy to check that p ^ L. This is a contradiction since 
L = P{G). □ 
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Lemma 2.13. For a directed graph G, if G contains exactly ot{G) distinct directed cycles, then P{G) is a 
linear subspace of . 


Proof. Let a = a{G) and {Ci,..., Cq} a collection of a pairwise edge-disjoint directed cycles in G. For each 
Gi, denote by E{Gi) = {xi^i,... ,Xiy^} the set of edges of Gi. We prove that P{G) is equal to the linear 
subspace L of defined by the equations (12.31) and (12.41) . 

Since G contains no directed cycles other than Ci,..., Ga, no edge x G E{G) \ (ljr=i is contained 

in any directed cycles in G. By Corollary II. l4l . this means that x” G I{G) for some n > 0. Thus, P{G) 
satisfies equation (1^ . 

Next consider the common vertices of the directed cycles Ci,..., Cq. 

Claim: Let 0 C 5” C {Gi ,..., Ga}- Then there is a Gi G S such that V{Gi) Cl (UceS\{Ci} either 

the empty set or the set of a single vertex, where V(G) is the set of vertices of G. 

If this claim is not true, then \V{Gi) D (UceS\{Ci} ^ for all Gt G S. Based on this, one can 

inductively construct a sequence Gi ^, vi, Gi^ ,V 2 , ■ ■ ■ Vn-i, Gi ,^, ... such that, for all n > 1 


• G S, 

• Vn^ Vn+l- 


Since ^ is a finite set, there are positive integers m and n such that m -I- 1 < n, Gi^ = Gi^, and 

CimT^im+i^ ■ ■ ■ pahwisc distiuct. For m-|-l</<n — 1, there is a directed path Pi in Q, 

from vi-i to vi- And there is a directed path P„ in Gi„ = Gi,„ from u„_i to Vm- In the case Vn-i = Vm, 

we choose P„ to be the path with no edge. (Note that, if u„_i = Vm, then n > m -I- 2 since Vn-i ^ Vn- 2 -) 

Putting the directed paths Pm+i,...,Pn together, we get a directed circuit P such that E{P) ^ 0 and 
E{Gi) ^ P(P) for every i = This implies that P contains a directed cycle other than Gi,... ,Ga, 

which is a contradiction. 

Now we are ready to prove that P(G) satisfies equation (12.3F Let Si = {Gi,... ,Ga}. By the above 
claim, there is an ii G {1, 2,..., a} such that |P(GiJ D (UcGS\{Ci } ^(^))l — 1- Using this and the fact 
that P(G) satisfies equation (12.4L it is easy to see that P(G) satisfies equation (12.31) for i = ii. Now let 
5'2 = 5*1 \ {Gij}. Applying the above claim to 82 , and using the fact P(G) satisfies equation (12.41) and 
equation (12.31) for i = ii, one can find a Gij G S '2 such that P(G) satisfies equation (12.31) for i = 12 - Then 
let S'3 = 5*2 \ {Gij} and iterate the above argument. After a iterations of this argument, we conclude that 
P(G) satisfies equation (12.31) for z = Thus, P(G) C L. But it is clear that L C P{G). This shows 

that P(G) = P is a linear subspace of □ 


Proof of Theorem \1.6\ First consider Part (1). Linear subspaces of a projective space are irreducible. So 
(1-b) =)> (1-a). (1-a) ^ (1-b) and (1-a) ^ (1-c) follow from Lemma [2.121 Finally, Lemma [2.131 means (1-c) 
=)> (1-b). This completes the proof of Part (1) of Theorem ll.61 

By the proof of Corollary 11.51 in Subsection 12.31 P(G) = P(Pg) as projective algebraic sets, and the 
isomorphism preserves linearity. So Part (2) of Theorem 11.61 follows from Part (1) of Theorem 11.61 and Part 
(4) of Lemma 12. 101 

Finally, assume P(G) is a projective variety. Note that G always contains a(G) distinct directed cycles 
and a{G) > a{G). So, if G contains exactly d(G) distinct directed cycles, then a(G) = a(G), and G 
contains exactly a(G) distinct directed cycles. This means P(G) is also a projective variety. But P(G) 
is a linear subspace of P(G) of dimension a{G) — 1 = q:(G) — 1 = dimP(G). By Fact 12.111 this means 
P(G) = P(G). □ 


3. Khovanov-Rozansky Homology of Directed Graphs 

In this section, we review the definition and properties of graded Koszul chain complexes and deduce some 
basic properties of the Khovanov-Rozansky Homology. 


®Although Corollary II. 141 appears in this paper later than Theorem IlH its proof does not depend on Theorem [Ml 
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3.1. Graded Koszul chain complexes. Let i? be a Z-graded commutative ring with 1 and M a Z-graded 
i?-module. For any I € Z, denote by M{1} the Z-graded i?-module obtained from M by shifting the 
grading by 1. That is, M{1} = M a.s ungraded i?-modules, and, for any homogeneous element m G M, 

degji^fiym = degji^m + 1. 

Definition 3.1. Let r be a homogeneous element of i?. The graded Koszul chain complex C^{r) over R 
defined by r is the two term chain complex 

CfM = 0Eldegrl A R ^ 0, 



where r acts by multiplication and the under-braces indicate the homological grading. Note that this is a 
chain complex of graded i?-modules, and its boundary map preserves the module grading. 

More generally, the graded Koszul chain complex C^{ri,r 2 , ■ ■ ■ ,ri^) over R defined by the sequence 
{ri, r 2 ,..., of homogeneous elements of R is the tensor product over R of the graded Koszul chain 
complexes associated to all elements in this sequence, that is, the tensor product 

C^{ri,r2, ... ,rfc) = Cf (ri) (g)_R Cf (r2) (E)r---^r C^{rk) 

= (0 ^ i?{degri} ^ -t 0) (0 i?{degr 2 } ^ 0) (g)_R • • • (g)^ 0(-^ i?{degrfc} ^ 0). 

' 1 ' 0 ' 1 ' 0 ' 1 ' 0 

Note that 

• C^{ri,r 2 , ■ ■ ■ ,rk) is a chain complex of graded i?-modules, and its boundary map preserves the 
module grading, 

• permuting the sequence {ri, r 2 ,..., r-fe} permutes the factors in the above tensor product and, there¬ 
fore, does not change the isomorphism type of the Koszul chain complex C^{ri,r 2 , ■ ■ ■, rk). 

When R is clear from the context, we drop it from the notation of Koszul chain complexes. 

Next, we recall some simple facts about graded Koszul chain complexes. 

Lemma 3.2. Ho{C^{ri,r 2 ,.. ■,rk)) = i?/(ri,7’2,... ,rfe). 

Proof. Note that C^(ri , r 2 ,..., rk) is of the form 

i?{deg ri} 


• • • ^ : 

© 

i?{deg rk} 




> 0 . 
0 


1 

The lemma follows immediately. □ 

Lemma 3.3. The endomorphism C^{ri,r 2 , ■ ■ ■ ,rk) C^{ri,r 2 T ■ ■ ■ ,rk) is a chain map homotopic to 0 
for j = 1,... ,k. Consequently, H^.{C^{ri,r 2 , ■ ■ ■, rk)) is a finitely generated R/ (ri, r 2 ,..., rk)-module. 

Proof. We only prove that C^{ri,r 2 ,... ,rk) C^{ri,r 2 ,... ,rk) is a, chain map homotopic to 0. Define a 
chain homotopy : C^{ri) —>■ C'^(ri) of homological degree 1 by 


0 

0 


i?{degri} 


i?{degri} 



0 

0 . 


Denote by di the boundary map of C'^(ri). Then, for the endomorphism C^{ri) ^ C^{ri), we have 
n = H o di + di o H. So C^{ri) ^ C^{ri) is a chain map homotopic to 0. Now let C^{r 2 ,... ,rk) 
Gf(r2,... , rk) be the identity map. For the endomorphism r 2 ,..., rk) C^(ri,r 2 ,..., rk), we have 

ri = {H ^id) o d + do [H g id), where d is the boundary map of C'.f (ri, r 2 ,..., rk). Thus, ri is homotopic 
to 0. □ 
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Before stating the next lemma, we introduce the standard i?-basis for C^{ri,r 2 ,... ,rk). For e = 0,1 
and j = 1,..., fe, denote by 1^ the unit 1 of the copy of R in C^{rj) at homological degree e. For e: = 

(ei,... ,efc) e {0,1}^^”, define 1^ = 0 • • • 0 1^^. Clearly, {l^ | e G {0,1}^^} is a basis for the i?-module 

C^{ri,r 2 , ...,Tfc). We call this basis the standard i?-basis for C^{ri,r 2 , ...,r^). The boundary map d of 
C^ri , r 2 ,..., r-fc) acts on this basis by 

£j=l 

Lemma 3.4. Let R be a h-graded commutative ring with 1 and x a homogeneous indeterminate over R. 
Denote by > R the ring homomorphism given by T^x{f{x)) = /(O) for all f{x) G R[x]. Let 

{x, /i,..., /fe} be a sequence of homogeneous elements ofR[x]. Then (x, /i,..., /fe) and C^(TTx{fi), ..., T^x{fk)) 
are homotopic as chain complexes of graded R-modules. 


Proof. Denote by 6 : i? ^ i?[x] the standard inclusion t(r) = r. Then tTxO l = id/j. Define an i?-module map 
$ : C'ft"''(x,/i,...,/fc) Cf^{TTx{fi),... ,TTx{fk)) by 


^(/ ■ l(£o,£l,....£fc)) 


7rx(/) • l(£i.....efc) if £0=0, 

0 if £o = 1, 


where / G -R[x] and (eq, Ei, • ■ •, £fe) G {0, Also, define an i?-module map 4' : C^^nxifi ),..., r^xifk)) 

■■■,fk)hY 

■ l(£l,...,£fc)) ~ ' l(0,£l,...,£fc) I 

where r G R and (ei,... ,efe) G {0,1}^'"'. Then 

• $ and 4/ are chain maps preserving the homological grading and the i?-module grading, 

• 4>o4'= idcK(,rA/i),....7rAA))’ 

• C^^'^\x,fi, ...,fk)= ker$ 0lm4', with 4' o $|ker .5 = 0 and 4' o = idim 4 -- 

Next, define an i?-module map H : (x, /i,..., /fe) (x, /i,..., /fe) by 


i^(/-l(l,£l....,£.)) = 0, 

i?((r + x/) • l(0,£i,...,£fc)) = / ■ l(l,£i,...,£fc)) 
where r G R, f G R[x] and (ei,..., Sfe) G {0,1}^^. It is straightforward to check that 

(d O iJ + iJ O (i)|ker$ = idker$, 

(d o id + iJ o d)|jin^ = 0. 


This implies that id^Bi*]— 4'o$ = doii + iiod. Thus, we have shown that 4> and 4^ are homotopy 

equivalences preserving the ii-module grading. Therefore, fi,..., fk) and C^{Trx{fi), ■. ■ ,T^x{fk)) 

are homotopic as chain complexes of graded ii-modules. □ 


3.2. Khovanov-Rozansky homology. First, we give a more “localized” description of the Khovanov- 
Rozansky homology of directed graphs, which is closer in spirit to the original definition of the Khovanov- 
Rozansky homology in knot theory. Then we deduce some basic properties of the Khovanov-Rozansky 
homology relevant to our goals. 

Let G be a directed graph. Recall that the polynomial ring Z[£'(G)] is Z-graded so that every x G E{G) 
is homogeneous of degree 1. For a vertex x of G, recall that E{v) is the set of all edges incident at v. Write 
E{v) = {xi,..., Xm} U {yi, ..., Pn}, where xi,..., Xm are the edges having v as their initial vertex, and 
2 / 1 ,..., are the edges having v as their terminal vertex. Recall that ky := max{m, n} and, for 1 < I < ky, 
5v,i ■= ei{xi ,..., Xm) — Givi, ■ ■ ■, Vn), where ei is the /-th elementary symmetric polynomial. 

Definition 3.5. ^*(x) := ... ,(5„,fe„). 

Comparing Definitions 11.71 and 13.51 we have the following simple lemma. 

Lemma 3.6. '^*(G) = ^y^v{G)('^*('‘^)®^[E{v)]'^[EiG)]), where the tensor product “(2)«gv(G) ” over 

z[f;(g)]. 


17 


Proof. Straightforward. 


□ 


Lemma 3.7. Let G be a directed graph. 

1. Jto(G) = 'L[E{G)]/I{G), where I{G) = (Ag) is the incidence ideal of'Z[E{G)]. 

2. Jift:{G) is a finitely generated h[E{G)]/I{G)-module. 

3. Jif,{G) is a finitely generated Z-module if and only if J^q^G) is a finitely generated Z-module. 

4 . For any subring R ofZ[E(G)], = aminJ^^G) and K-dim/{ J^(G) = K-dini/j J^(G). 

Proof. Part 1 follows from Lemma 13.21 Part 2 follows from Lemma 13.31 Part 3 follows from Parts 1 and 
2. For Part 4, note that annz[£;(G)]'^(G') = annz[£;(G)]=^(G) = /(G). So, for any subring R of Z[E{G)], 
annflJ^(G) = annflJ^(G) =/(G) fli? and K-dim^ .^(G) = K-diin/j J^(G) = K-dim/j/?/(/(G) fli?). □ 

The following lemma is obvious. 

Lemma 3.8. Let G be a directed graph and G the directed graph obtained from G by removing a single edge 
X S E{G). Under the standard identification Z[E{G)] = Z[E{G)\/{x), 

K{G) ® G, ^ ’rg’4G)/x ■ -^^G) 

as graded Koszul chain complexes over Z[E{G)]. Here, G* is a simple Koszul chain complex over Z[i5(G)] 
of the form 

f '' 

0 -> Z[E(G)] —>■ 0 if removing x does not change ky for any v € V{G), 

* G* (0)fc„ if removing x reduces ky by 1 for a single v € V{G), 

gZ[£;(G)] ( 0 )^^ (O)fc^ if removing x reduces ky and ky by 1 for two u, v G V{G), 

where (0)fc„ := 0 ^ Z[£;(G)]{fc„} Z[/;(G)] ^ 0. 

1 0 

In particular, = J^{G)fxJ^{G) as graded WA[E{G)\-modules under the standard identification 

Z[EiG)]^Z[EiG)]/{x). 

Proof. Straightforward. □ 

Lemmas 13.91 and 13.101 below follow from Lemma [XU 

Lemma 3.9. Let G be a directed graph, v a vertex of G of degree 1 and x the edge incident 
by G the directed graph obtained from G by removing v and x. Then, under the standard 
Z[E{G)] = Z[E{G)][x], ‘^*(G) ~ ‘^*(G) as chain complexes of graded Z[E{G)]-modules. 

In particular, =^(G) = J^t:{G) as Z (B Z-graded Z[E{G)]-modules under the standard 
Z[E{G)]^Z[EiG)]/ix). 

Proof. Since degu = 1, Ex is an incidence relation. Apply Lemma 13.41 to this entry. □ 

Lemma 3.10. Let G be a directed graph. Assume v is a vertex of G of degree 2 such that an edge x has v as 
its initial vertex, an edge y has v as its terminal vertex and x ^ y. Denote by G the directed graph obtained 
from G by removing v and merging x, y into a single directed edge. Then, under the standard identification 
Z[E{G)] = Z[E{G)][x — y], '^*(G) ~ ‘^*(G) as chain complexes of graded Z[E{G)]-modules. 

In particular, Jff„{G) = Jift{G) as Z (B Z-graded Z[E{G)]-modules under the standard identification 
Z[E{G)]^Z[E{G)]/{x-y). 

Proof. Since degu = 2, x — y is an incidence relation. Apply Lemma 13.41 to this entry. □ 

Lemma 3.11. Let G be a directed graph, and u, v two distinct vertices of G. Denote by Gu=y=v the directed 
graph obtained from G by identifying u and v into a single vertex. Note that there is a natural one-to-one 
correspondence between E{G) and E(Gu#v), which gives an identification Z[E{G)] = Z[E{Gu#v)]- Under 
this identification, there is a surjective Z[E{G)]-module homomorphism J^{Gu#v) —> J^(G). 
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at V. Denote 
identification 

identification 







Proof. Denote by uffv the vertex in Gui^v that is the image of u, v. Define (resp. Xy) to be the set of 
edges in G having u (resp. v) as their initial vertex, and Yy (resp. Yy) to be the set of edges in G having u 
(resp. v) as their terminal vertex. Denote by ei(X) the l-th. elementary symmetric polynomial in X for any 
finite set X of variables. Then 

- Gi.Xy) Ol(Yyf 

- ^l{Xy'j Cl(Yyf 

^U^V,l - ^l{Xy U Xy^ ^l(Yy U Yyf 

Note that ei{X U 1") = Yli=o for any sets X, Y of variables. So 

{Xy U Xy^ 6; (Yy U Yy ^ 

I 

= ^(e,(X„)ej_,(X,) - e,{Yy)ei-,{Yy)) 

i=0 
I 

- ^ ^ ^U.i^l — i{^v) T ^i{Yy)Sy^l — i. 

i=0 

This implies that Xi^Gy^y) C I{G) and, therefore, I{Gu^y) C /(G), where I{G) is the incidence ideal for G 
oiZ[E{G)]. By Lemma [3771 Jifo{G) = Z[E{G)]/I{G) and J^o{Gu^y) = Z[E{G)]/I{Gy^y). Thus, the identity 

map Z[i?(G)] Z[i?(G)] induces a surjective Z[i?(G)]-module homomorphism JYo{Gu^y) —S- JYo{G). □ 

4. Krull Dimension and Directed Cycles 
W e prove Theorems il.lll 11.131 Proposition II. 121 and Corollarv ll.ldl in this section. 

4.1. Properties of Krull dimension. We start by collecting properties of the Krull dimension relevant to 
our proofs. We prove simple properties and give references to more complex ones. 

The first property is an obvious fact. 

Lemma 4.1. Suppose that R and R' are commutative rings with 1 and that tjj : R ^ R' is a surjective 
homomorphism of commutative rings with 1. We have the following. 

1. An ideal I' of R' is prime if and only ifip~^{I') is a prime ideal of R. 

2. K-dimi? > K-dimi?'. 

3. If M and M' are R-modules and there is a surjective R-module homomorphism M —^ M', then ann^(M) C 
ann^(M') andK-dim^M > K-dim/jM'. 

Proof. For Part 1, recall that I' is prime if and only if ab G I' implies that a G P or b G I' for any a,b G R'. 
This property is clearly preserved by pull-backs of ideals. Using that jj is surjective, it is also easy to verify 
that I' is prime if is prime. 

For Part 2, note that, by Part 1, any chain of prime ideals Po C C ■ • • C C i?' is pulled back to a 
chain of prime ideals tp~^{pQ) C ip~^{p{) C • • • C ip~^{p'.^) C R. This implies that K-dimi? > K-dimi?'. 

For Part 3, ann/{(M) C anni{(M') is obvious. So there is a surjective ring homomorphism i?/annfl(M) 
i?/ann^(M'). Thus, by Part 2, K-dim^M = K-dimi?/annfl(M) > K-dimi?/annfl(M') = K-dim^M'. □ 

Lemma 4.2. Suppose that R is a commutative ring with 1 and R' is a subring of R containing 1. If R is a 
finitely generated R'-module, then K-dimi? = K-dimi?'. 

Proof. Since i? is a finitely generated i?'-module, R is an integral extension of R' by [101 Corollary 5.23]. 
But, by [ini Corollary 6.33], integral extensions do not change Krull dimensions. So the lemma follows. For 
more details, see [ini Chapters 5 and 6]. □ 

The following lemma is well-known. See for example |2]. 

Lemma 4.3. If R is a commutative Noetherian ring with 1, then K-dimi?[a;] = K-dimi?-|-1. In particular, 
K-dimZ[a;i,..., Xy] = n -f 1 and K-dimF[a;i,..., Xy] = n for any field F. 
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Definition 4.4. Let i? be a commutative ring with 1 and p a prime ideal of R. Then the codimension (also 
known as height) of p is defined to be 

CO-dimp := sup{n > 0 | there are n -I- 1 prime ideals po,Pi, ■ • ■ ,pn of i? such that po Pi £ Pn = p}- 

The next lemma about codimension is featured in many textbooks on commutative algebra. 

Lemma 4.5. Let R be a commutative ring with 1, and p a prime ideal of R. Then K-dimi? > K-dimi?/p-l- 
co-dimp. 

Proof. Let po Si Pi • • • Si Pc = P be a chain of prime ideals in R, where c is the codimension of p in R. 
Since p is prime, R/p is a domain and, therefore, the zero ideal of R/p is prime. Set d = K-dimi?/p. Then 
there exists a chain 0 = qo S; ^i £ ''' S= Id S; ^/P of prime ideals in R/p. By Lemma 14.11 we get a chain 
Po S=PiS="'£Pc = p£7 r ^(qi) Si • ■ ■ S: ^ ^(^Id) S= of prime ideals in R, where tt : R ^ R/p is the 
standard quotient map. So K-dimi? > K-dimi?/p -|- co-dimp. □ 

Lemma 4.6. Let I be a homogeneous ideal of1i[xi ,..., x„] contained in the homogeneous ideal (xi ,..., x„) 
ofZ[xi,. ..,Xn]. Set 


RWj ■— ^[xi, . . . , Xri\/1 

Rq ■= Q <8)z .Rz = Q[®i, • • ■, a^n]/Q ®z .f- 

We have: 

1. Let pz := (xi,... ,x„) C i?z and pQ := Q 02 pz = (xi,... ,x„) C Rq- Then pz and pQ are both prime 
ideals, and co-dimpz = co-dimpQ. 

2. K-dimi?z > K-dimRQ-I-1. 

Proof. For Part 1, note that i?z/pz = Z[xi,... ,x„]/(xi,... ,x„) = Z and Rq/Pq = Q[xi,... ,x„]/(xi,... ,x„) 
Q. So pz and pQ are both prime ideals. 

Denote by j : Rz —^ Rq the ring homomorphism given by j(r) = 1 0 r. 

Set c = co-dimpQ and pick a chain po S= Pi S= ’' ’ S= Pc = pQ of prime ideals in Rq. Then j“^(po) S; 
J~^(pi) S= ■ ■ ■ S: J~^(Pc) = pz is a chain of prime ideals in R^. So co-dimpz > co-dimpQ. 

Set d = co-dimpz and pick a chain qo S= Pi S= ’' ’ Si Pd = Pz of prime ideals in i?z. Denote by (j(qi)) the 
ideal of Rq generated by j(qi), which is prime since q^ is prime. Moreover, we have that (j(qi)) C (j(Pi-i-i))- 
Otherwise, there would be 5 £ qi+i \ q^ and I £ Z such that I > 0 and Ig € Pi. But q^ is prime. This means 
Z £ qi C pz, which is a contradiction. So (j(qo)) £ (j(qi)) £ • • • £ {j{Pd)) = Pq is a chain of prime ideals in 
Rq. Thus, co-dimpz < co-dimpQ. This completes the proof of Part 1. 

For Part 2, note that pQ is the unique homogeneous maximal ideal of Rq. So, by [51 Corollary 13.7], 
K- dim Rq = co- dim pQ. By Lemma 14.51 K- dim i?z > K- dim i?z/pz + co- dim pz = K- dim Z -|- co- dim Pq = 
K-dimRQ-l-1. □ 

Corollary 4.7. For any directed graph G and any subset E of E{G), 

K-dimQfB] Jf^iG) < K-dimz[£;] ^o{G) - 1 . 

Proof. Apply Lemma|T 6 ]to the ideal annz[£;].^(G) = Z[E]r\I{G) of Z[A], where I{G) is the incidence ideal 
ofZ[F;(G)]. □ 

Remark 4.8. It is not hard to check that any homogeneous maximal ideal of Rz in Lemm dTHl is of the form 
tn = pz + (p) = pz ©P ■ Z, where p £ Z is a prime number. By [51 Corollary 13.7], this implies that 

K-dimi?z = maxjco-dim(pz + (p)) | p is a prime integer}. 

So, to prove Conjecture 11.221 one just needs to verify that co-dim(pz + (p)) = co-dimpz + 1 for the ring 
i?z = Z[A]/ (/Z[E] n /(G)) for any directed graph G, any subset E of E{G) and any prime integer p. 
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4.2. Directed cycles. We prove Theorem 11.111 and Proposition II.12| in this subsection. Our proof starts 
with the following simple observation. 

Lemma 4.9. Let R he a Ij-graded commutative ring with 1, and Rn the homogeneous component of R of 
degree n. Assume that 

• Lin = 0 if n < 0, 

• Rn is a finitely generated Ro-module for each n > 0. 

Suppose that oi ,... ,ak are homogeneous elements of R of positive degrees. Let L = (oi,... ,ak) he the ideal 
of R generated hy ai,... ,ak, and R' = ..., Ofc] the Ro-suhalgehra of R generated by ai,... ^Ok. Then 

R is a finitely generated R'-module if and only if R/I is a finitely generated Ro-module. 

Proof. Assume that i? is a finitely generated i?'-module. Then there exist ri,... ,rm & R such that, for 
every r G R, there are fi,...,fm £ Ro[xi,... ,Xk] satisfying r = X]™ i• ■ ■) So r + / = 

(Sill /*(«!> ■ ■ ■ ,afc) -Ti) + / = YliLi /»(0, ■ ■ • ,0) • (ri +/). Note that /i(0,... ,0) € i?o- This shows that R/L 
is generated over i?o by {ri r^ + d}- So i?// is a finitely generated i?o-niodule. 

Now assume that R/L is a finitely generated i?o-inodule. Then, there is an TV > 0 such that Rn C L 
if n > TV. Since each Rn is finitely generated over i?o, there is a finite generating set {si,...,s/} of 
homogeneous elements for the i?o-inodule claim that {si,..., s;} is also a generating set for 

the i?'-module R. To show this, we only need to show that C Sj=i n < N, this is trivial 

since Lin C ■ sj for n < N. Now assume that Rn C n < K, where K > N. 

Then Rk-\-i C L. So r = ^ ^k+Ij where each ri is of the degree AT + 1 — degOi < K. So 

ri G foi' ®9.ch 1 < T < fc. Thus, r G X(j=i This shows that Rx-i-i C Thus, 

i? is a finitely generated i?'-module. □ 

Corollary 4.10. Let R be a Z-graded commutative ring with 1, and Rn the homogeneous component of R 
of degree n. Assume that 

• Rn = 0 if n < 0, 

• Rn is a finitely generated Ro-module for each n > 0. 

Suppose that ai,... ,ak are homogeneous elements of R of degree 1. For 1 <l <k, let ei = ei{ai,..., Ok) = 
Si<ii<. .<i,<fc Oil ■ ■ ■ Oil • Then i?/(ai, ..., Ok) is finitely generated over Rq if and only if i?/(ei, ..., Cfc) is 
finitely generated over Rq . 

Proof. Consider the i?o-subalgebras R' = Ro[ai,..., Uk] and R" = i?o[ei,..., Cfc] of R. Denote by Sym(a;i,..., Xk) 
the ring of symmetric polynomials in variables xi,... ,Xk over Rq. Then ; Xk] is a Sym(xi, ..., Xk)- 

module generated by k\ generators. This implies that R' is a finitely generated i?"-module. Thus, i? is a 
finitely generated i?'-module if and only if i? is a finitely generated i?"-module. Now the corollary follows 
from Lemma [4.91 □ 

Corollary 4.11. Let G be an acyclic directed graph. Then J^(G) is a finitely generated Z-module. 

Proof. We induct on 114(G)|. If G only has one vertex, then it has no edges since it is acyclic. So J%{G) 
is just the base ring Z. Now assume the corollary is true for any graph with n vertices and G is an 
acyclic directed graph with n + 1 vertices. Since G is acyclic, there is a vertex u of G that is not the 
terminal vertex of any edge. Let xi,... ,Xk be the edges having v as their initial vertex. Denote by G' the 
directed graph obtained from G by removing v and xi,... ,Xk. Then G' is an acyclic directed graph with 
n vertices. So J^o{G') is a finitely generated Z-module. Let L be the ideal of Z[iT(G)] generated by the set 
{Su,i I u G 14(G) \ {z;}, 1 < / < ku} of all incidence relations of G except those at v. Set R = Z[£’(G)]//. 
Then J^(G) = A /(ei(xi,... ,Xfc),.. .,ek{xi,.. .,Xk)) and, by Lemma[33 J^(G') = R/{xi,..., Xk). Thus, 
by Corollary 14.101 J^o{G) is also a finitely generated Z-module. □ 

Next, we prove Proposition ll.121 

Proof of Provosition \1.12\ By Corollary 14.71 we have that K-diinQ^^j J^'®(G) < K-dimz[£;] .^(G) — 1. It 
remains to show that ^^(G) < K-dimQj^;] ^^^(G). Fix a collection C of ^^(G) pairwise edge-disjoint 
directed cycles in G, each of which contains at least one edge in E. Denote by G' the subgraph of G 
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consisting of exactly the edges and vertices in C. Then, by Lemma EUl 

where I is the ideal of Q[ill(G')]/(Q (8>z -f(G)) generated by all the edges in E{G) \ E{G'). Here, I{G) is the 
incidence ideal of 'L[E{G)]. So, by Lemma HTTl we have K-dimQj^;] > K-dimQj^;] J^^{G'). For any 

vertex v of G' of degree 2k, split it into k vertices of degree 2, each of which is the vertex of two edges in 
the same directed cycle in the collection C. This changes G' to a new directed graph G" consisting of asiG) 
pairwise disjoint directed cycles, each of which contains at least one edge in E. By Lemmas 13.111 and 14.11 
K-dimQ[£;] Jif^{G') > K-dim^j^;] ^^^(G"). By the construction of G" and Lemma 15.101 one can see that 
annQjB] J^(G") is the ideal of Q[£l] generated by the set 

{E \ E{G")) yj {x — y \ X, y G E n E{G") are contained in the same directed cycle in C}. 

Thus, Q[i?]/annQ[^] J^(G") is isomorphic to a polynomial ring over Q of asiG) variables. By Lemma lT3l 

K-dimQ[i5] J^f{G") = K-dimQ[F;]/annQ[B]^o(G") = asiG). 

Therefore, K- dimqiE] ^o‘®(G) > K- dim^jB] > K- dim^jB] M^{G") = asiG). □ 

Lemma 4.12. For any directed graph G, K-dimz[B(G)] ^(G) < /3(G) + 1. 

Proof. Let k = /3(G), and xi,... ,Xk k edges of G, whose removal from G yields an acyclic directed graph G'. 
Thus,by Corollary 14.111 Z[i3(G)]/(/(G) + (xi,... ,Xk)) = 'Z[E{G')]/I{G') = Ji^{G') is a finitely generated 
Z-module. Here, /(G) is the incidence ideal of Z[£’(G)]. So, by Lemma IT^ Z[i3(G)]//(G) is a finitely 
generated module over its subring R generated over Z by xi,..., x^. By Lemma 221 K- dimz[B(G)] -3^(G) = 
K-dimZ[i3(G)]//(G) = K-dimi?. But R is a quotient ring of the polynomial ring Z[xi,...,x^]. So, by 
Lemmas 14.11 and 231 K-dimi? < K-dimZ[xi,... ,Xfc] = k + 1. Therefore, K-dimz[B(G)] =^(G) < fc -|- 1 = 
/3(G) + 1. □ 

We have effectively proved Theorem If. Ill Here we recap what was done. 

Proof of Theorem \l.ll\ In Part 1, (1) =4> (2) follows from Corollary 14.111 (2) (3) follows from Lemma 

13.71 (2) (4) is elementary. (2) =4> (5) follows from Lemma 221 (5) (6) follows from Corollary 14.71 (6) 

(1) follows from Proposition II. 121 This completes the proof of Part 1. 

Part 2 follows from Theorem 11.31 Fact 11.101 Corollary 14.71 and Lemma 14.121 □ 

4.3. Directed cycles through a particular vertex or edge. We prove Theorem ll.l3l and Corollarv ll.141 
in this subsection. First, we state several simple algebraic lemmas that will be used in the proof. 

Lemma 4.13. Let X, Y and Z be three pairwise disjoint finite sets of variables. Then the sets A := 
{ei{X U Z) — ei{Y U Z) \ / > 0} and A' := {ei{X) — ei(Y) | / > 0} generate the same ideal of Z[A U T U Z], 
where ei{S) is the l-th elementary symmetric polynomial in the finite set S of variables. 

In particular, for any directed graph G, the incidence ideal I{G) o/Z[i3(G)] admits a set of generators in 
Z[//(G) \ L(G)], where L{G) is the set of loop edges of G. 

Proof. Let I (resp. /') be the ideal of Z[X UY U Z] generated by A (resp. A'.) For any I > 0, 

i 

ei{X yjZ)- ei{Y U Z) = ^ e,_,(Z)(e,(A) - e,{Y)) G /'. 

So I C I'. On the other hand, 

i 

ei{X) - ei{Y) = ^(-l)'-*hi_,(Z)(e,(X U Z) - e,{Y U Z)) G /, 

i=0 

where hj{Z) is the j-th complete symmetric polynomial in Z. So P C I. □ 

Lemma 4.14. Let X and Y be two disjoint finite sets of variables. Assume /i,... ,/„ are homogeneous 
polynomials in ZjA] of positive degrees, and gi,... ,gm are homogeneous polynomials in ZjT] of positive 
degrees. Denote by I the ideal I = (/i,..., fn,gi, ■ ■ ■ ,gm) of Z[A U Y]. Then ann. 2 [x](^l^ U Y]/I) is the 
ideal of 1i[X] generated by /i,..., /„. 
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Proof. Denote by / the ideal of Z[X] generated by /i,..., fn- Clearly, annz[x](^l^ U Y]/I) = / fl Z[X]. 
In particular, G annz[jc](Z[X \JY]/I) and, therefore, I C annz[jc](^[-^ U F]//). Now assume 

ip G annz[jf](Z[X U Y]/I) = / n Z[X]. Then there are oi,..., a„, 6i,..., 6^ € Z[X U F] such that 

n m 

i=l j=l 

Substituting every variable in Y by 0, we get p\y=o = 'P, /i|v=o = fi, 5j|y=o = 0 and ai|y=o G Z[X]. Thus, 

n 

(fi = = '^{ai\Y=o)fi e i. 

i=l 

This shows that annz[jf](Z[X U F]//) C /. □ 

Lemma 4.15. Let X and Y be two disjoint finite sets of variables. Assume I is an ideal of X[X U F] such 
that M := Z[X U Y]/I is a finitely generated Z-module. Then Z[X]/(annz[jf]M) = Z[X]/(Z[X] n I) is also 
a finitely generated Tj-module. 

Proof. The standard inclusion Z[X] ^ Z[XUF] induces a well-defined injective Z[X]-module homomorphism 
Z[Jf]/(annz[x]M) = Z[X]/(Z[X] D I) ^ M = 'L[X U Y]/I. Since M is a finitely generated Z-module and Z 
is a Noetherian ring, this implies that Z[X]/(annz[x]M) is also a finitely generated Z-module. □ 

Now we are ready to work on Theorem 1 1.1 31 

Lemma 4.16. Let G be a directed graph, and v a vertex in G. Denote by E(v) the set of all edges of G 
incident at v. If there are no directed cycles in G containing v, then Z[iil(?;)]/annz[£;(„)] (.^(G)) is a finitely 
generated h-module. 

Proof. Denote by G the connected component of G containing v. That is, G is the subgraph of G given by 

(1) F(G) = {m G F(G) I there is an undirected path in G from u to ?;}, 

(2) E{G) = {x G E{G) I X is incident at some u G F(G)}. 

Consider the following subsets of V{G). 

• S' = {s G F(G) \ s ^ V, there is a directed path from s to w}, 

• T = {t G F(G) \t^v, there is a directed path from v to t}, 

• [/ = F(G)\(SUTU{u}). 

Since there are no directed cycles in G containing v, S and T are disjoint. So {S, T, U, {x}} is a partition of 
V (G). For A,Bg {S, T, U, {x}}, denote by Ea^b the set 

Ea^b = {x G E(G) I the initial vertex of x is in A, and the terminal vertex of x is in Bj. 

Since there are no directed cycles in G containing v, Et^s = 0- By the definitions of S, T, U, we also have 
Et^U = Eu^S = = 0 . 

Now define a directed graph G' from G by 

(1) identifying all vertices in S into a single vertex, called s, 

(2) identifying all vertices in T into a single vertex, called t, 

(3) identifying all vertices in U into a single vertex, called u. 

Note that: 

• There are no directed cycles in G' containing v. 

• There is a natural one-to-one correspondence between edges of G and edges of G'. 

We identify edges of G and edges of G' by this correspondence. Then, by Lemma lB.lll there is a surjective 
Z[i5(G)]-module homomorphism ,3Yb{G') — ,3Yb{G). 

The connected component of G' containing v has exactly four vertices: v, s, t and u. As sets of edges in 
G', Es^s, Et^t and Eu^u are the sets of loops at s, t and u, respectively. Define 

E = Es^{y} U Es^t U Es^u U E^yy^rp u Eu^t- 

Then, as a set of edges in G', E is the set of non-loop edges in the connected component of G' containing v. 
Define a subgraph G" of G' by V{G") = {v,s,t,u} and E{G") = E. Then G" contains no directed cycles. 
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Consider the incidence ideal I{G') for G' of Z[iJ(G')] = Z[if(G)] generated by the incidence relations Ag' 
of G'. Applying Lemma l4.13l at v, s, m, one gets generators of I{G') in Z[G(G) \ {Es^s U Et^t U Eu^u)] 
such that: 

(1) Each of these generators is a homogeneous polynomial of positive degree in either Z[G] or Z[if(G) \ 
{Es-^s U Et^t U Eu^u U E)]. 

(2) The generators in 1\E] generate the incidence ideal I{G") for G" of Z[if]. (In fact, these generators 
are exactly the incidence relations of G".) 

Thus, by Lemma [4.141 annz[£;]^(G') = annzj^;](Z[i5(G)]//(G')) = I{G"). Since G" contains no di¬ 
rected cycles, by Theorem 11.111 Z[if]/(annz[£;]^(G')) = Z[if]//(G") = ^(G") is a finitely generated 
Z-module. Note that E{v) = U is a subset of E. Using Lemma 14.151 one has that 

Ij[E{v)]/{ aimx[E{v)]'^o{G')) = 'L[E{v)]/{'L[E{v)] fl annz[£;]c^(G')) is also a finitely generated Z-module. 

Recall that there is a surjective Z[i?(G)]-module homomorphism Mq{G') Mq{G). This implies that 
annz[£;(„)]=^(G') C annz[£;(^)]J^fl(G). Therefore, Z[U(?;)]/(annx[£;(«)]c^(G)) is a finitely generated Z- 
module too. □ 

Lemma 4.17. Let G he a directed graph, and v a vertex in G. Denote by Eiv) the set of all edges of G 
incident at v. Then K-dimz[£;(^)] J^(G) < Pv{G) + 1. 

Proof. Let k = l3v{G) and {xi ,... ,Xk} a subset of E{v) whose removal destroys all directed cycles in G 
containing v. Denote by G' the directed graph obtained from G by removing the edges Xi,... ,Xfc. Then 
there are no directed cycles in G' containing v. Denote by Eqi(v) the edges in G' incident at v, that 
is, Eo>{v) = E{v) \ {xi,...,Xfc}. By Lemma 1X51 Jffo{G') is the Z[i?(G)]-module JtfQ{G)f{I ■ J^(G)), 
where I is the ideal of Z[£'(G)] generated by xi,...,Xfe. Since {xi,...,Xfe} C E{v), one can see that 
annz[£;(^)] J^(G') = annz[^(„)].;?^(G)-|-/.u, where/.„ is the ideal of Z[£’(w)] generated by xi,... ,Xfc. Therefore, 
Z[E;G'(u)]/annz[B^,(„)]J^(G') = (Z[£'(u)]/annz[g(^)]cj^(G))/(xi,.. .,Xk) , where (xi,...,Xfe) is the ideal of 
Z[E{v)]/a.-nnz[E{v)]’^o{G) generated by xi,... ,Xfc. But, by LemmaSUll Z[Ec'{v)]/ann^Ea>{v)]^o{G') is a 
finitely generated Z-module. So, by Lemmas l4.ll 14.2114.31 and 14.91 

K-dimz[£;(„)] J^{G) = K-dimZ[£’(u)]/annz[£;(„)] J^(G) = K-dimi? < K-dimZ[xi ,... ,Xk] = k + 1, 

where R is the Z-subalgebra of Z[E{v)] jann^E(yi)\’^c>{fG) generated by xi,..., Xfc. This proves the lemma. □ 

We have effectively proved Theorem II. 131 Here we recap what was done. 

Proof of Theorem M.lS[ In Part 1, (1) ^ (2) follows from Lemma [4. 161 (2) O (3) follows from Lemma [3.71 
(2) <t=> (4) is elementary. (2) (5) follows from Lemma [4.21 (5) (6) follows from Corollary 14.71 (6) 

(1) follows from Proposition II. 121 This completes the proof of Part 1. 

Part 2 follows from Proposition 1 1.1 21 Corollary 14.71 and Lemma 14.171 □ 

Corollarv ll. 141 follows easily from Theorem II. 131 

Proof of Corollary \1.14\ Denote by G the directed graph obtained from G by adding a new vertex v in the 
middle of x. This splits x into two new edges, whose directions are given by the direction x. Call one of 
these new edges x and the other y. Then E{G) = E{G) U {?/}. And the incidence ideal /(G) for G is the 
ideal of Z[£'(G)] generated by x — y and all the incidence relations of G. Therefore, by Lemma iTTl 

Z[x,y]/annz[a,_y](JC(G)) = Z[x, y]/annz[x.y] (^(G)) = Z[x]/annz[a:](^(G)). 

Similarly, 

Q[x,y]/annQ[a;_y](J^()‘®(G)) = Q[x]/annQ[2,] (.^“^(G)). 

Note that: 

• {x, y} is the set of edges of G incident at v. 

• There is a one-to-one correspondence between directed cycles in G containing x and directed cycles 
in G containing v. 

Thus, we get Corollary II. 141 bv applying Theorem ll.l3l to the vertex u of G. □ 
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5. Undirected Cycles 


5.1. and undirected cycles. Next we prove Theorems 11.171 [1.181 and Corollary II. 191 


Proof of Theorem \1.17\ Note that the graded Z[i5(G)]-module Z in Part 1 of Theorem 1 1.1 71 is supported on 
module grading 0. So, to prove Parts 1 and 2 of Theorem 1 1.1 71 we just need to verify that: 

(a) The underlying undirected graph of G is a disjoint union of trees ^ .^(G) = J^(G) = Z. 

(b) G contains an undirected cycle ^ fy 0. 

To prove (a), we induct on the number of edges in G. If G has only one edge x, then 

'TfyG) = 0 ^ Z[x]{l} ^ Zfy] ^ 0. 


(a) is obvious in this case. Assume that (a) is true for disjoint unions of trees with n — 1 edges and that G 
is a disjoint union of trees with n edges. G has a vertex of degree 1. Applying Lemma [33] to this vertex, we 
get a disjoint union of trees G with n — 1 edges such that = ,3^^,{G). This completes the induction 

and proves (a). 

For (b), fix an undirected cycle G in G. Applying Lemma [3.81 to the removal of all edges of G not in G, 
we get a surjective homomorphism Mq(G) —> J^(G) preserving the module grading. 

We call a vertex of G removable if it is the terminal vertex of an edge in G and the initial vertex of an 
edge in G. A vertex that is not removable is called non-removable. Note that there are even number of 
non-removable vertices in G since non-removable vertices are alternatingly sources and sinks in G. 

Next, we successively remove each removable vertex of G and merging the two edges incident at it. We 
stop when we reach a graph G' that is 

(1) either a directed cycle with a single removable vertex and a single loop edge, 

(2) or an undirected cycle with no removable vertices and a positive even number of non-removable 
vertices. 


By Lemma [3.101 


^ jro(G') 


Zfy] in case (1), 

’L[x\/{x'^) in case (2). 


In both cases, fy 0. Then the aforementioned surjective homomorphism J^(G) J^(G) = 

Ma,i{G') preserving the module grading implies that =^,i(G) fy 0. This proves (b) and completes the proof 
of Parts 1 and 2 of Theorem 11.171 

Next, we prove Part 3 of Theorem 1 1.1 71 Let a = aundirected(G). Fix a collection {Gi,..., Ca} of pairwise 
edge-disjoint undirected cycles in G and a collection of edges {ii, ... ,Xa} C E{G) such that Xi is contained 
in Gi- Note that Xi fy Xj \i i ^ j since the collection {Gi,..., Ca} is pairwise edge-disjoint. Denote by G' 
the subgraph of G consisting of the vertices and edges of the undirected cycles in this collection. Then, by 
Lemma 15751 there is a surjective homomorphism J%{G) —>■ J^{G') preserving the module grading. For each 
vertex of degree 2k of G' split it into k vertices of degree 2 such that, at each of these new vertices, there are 
two edges of the same undirected cycle in the above collection. This gives a new directed graph G" that is 
the disjoint union of the undirected cycles Gi,..., Ca- By Lemma l3.11l there is a surjective homomorphism 
J^(G') —J^(G") preserving the module grading. Similar to the discussion in the proof of (b) above, we 
get 




Z[xi] 

zN/fy?) 


if all vertices of Gi are removable, 
if not all vertices of Gi are removable. 


But Mq{G") = MoiCi) J^(Gq,). So, over Z, J^,i(G") has rank a and is spanned by X\,... ,Xa- 

The surjective homomorphisms J%{G) —>■ J^(G') —>■ J^o{G”) preserving the module grading then imply 
that rankJ^ i(G) > rank.^^i(G') > rankJ^^i(G") = a. 

It remains to show that rankJ^,i(G) < /3undirected{G) . Let j3 = f5undirected{G). Fix a set {j/i,.. .,yp} 
of edges of G whose removal from G destroys all undirected cycles in G. Denote by G the directed graph 
obtained from G by removing the edges yi,...,yp. Then G contains no undirected cycles. By Lemma [3.81 
J^n(G) = J^o{G)l{{yi, ... ,y/ 3 )-Jifo{G)), where {yi, -...yy) is the ideal of Z[£;(G)] generated by yi, ...,yp. So 
J^,i(G) = Jifo^i{G)l {yi, ... ,y/9), where (j/i, --.^yp) is the Z-submodule of J^,i(G) spanned by j/i, ...^yp. 
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But, by Part 1, = 0. So = {yi,... ,yp) and, therefore, rankJ^_i(G') < /3. This completes 

the proof of Part 3. □ 


Proof of Theorom \1.18[ Similar to the proof of Theorem 1 1.1 71 to prove Parts 1 and 2, we only need to show 
that 

(a) There are no undirected cycles in G containing v => A{v) = Z. 

(b) There is an undirected cycle in G containing v ^ Ai(v) ^ 0. 

Assume that there are no undirected cycles in G containing v. Denote by Gq the connected component 
of G containing v. Consider the graph Gq given by P(Gq) = V{Gq) and G(Gq) = E{Go) \E{v). Since there 
are no undirected cycles in G containing v, there is exactly one edge in G connecting v and each connected 
component of Gq that is not v itself. Now define a graph Gq by E{Go) = E{Go) and V{Go) = V{Go)/ 
where ^ is the equivalence relation m ~ re if and only if u and w are in the same connected component of 
Gq. Then Gq satishes: 

• If M G P(Go) and u ^ v, then there is a single edge in Gq connecting u and v. 

• li u,w &V (Gq) and then there are no edges in Gq connecting u and w. 

• There are no loops in Go at 

Let G = (G \ Gq) U Go- By Lemmas 14.131 and 14.141 annz[E(v)]A^{G) = {E{v)), where {E{v)) is the 
homogeneous ideal of 'L[E{v)\ generated by E{v). Thus, 'L[E{v)]/{amYj^\^E[v)]<^o{G)) = Z. But, by Lemma 
13.111 there is a surjective Z[£'(G)]-module homomorphism J^fo{G) —>■ J^o{G). So, by Lemma im 

{E{v)) = aimiyE{v)\-A^o{G) C aYmi[E{v)\-^o{G) = 1[E{v)] n/(G) C {E{v)), 
where /(G) is the incidence ideal for G of Z[/?(G)]. Therefore, amri\^E{v)]’^o{G) = {E{v)) and 

'^[E{v)]/{a\mi[E{v)\APo{G)) =^- 

This proves (a). 

Now assume that there is an undirected cycle in G containing v. Then a„ := aundirected{G,v) > 0. Fix a 
collection of {Gi,..., Ca„} of pairwise edge-disjoint undirected cycles in G containing v. For each Gi, pick 
an Xi G E{v) contained in Ci. Note that Xi ^ Xj ii i ^ j since the collection {Gi,... ,Ga„} is pairwise 
edge-disjoint. Let G' be the graph given by 

• V (G') = {u GV (G) I u is contained in Gi for some * = 1,..., a„}, 

• E{G') = {x G E{G) I X is contained in Gi for some i = 1,..., a„}. 

For each vertex u in G' of degree 2k in G', split it into k vertices, each of which is the vertex where two 

edges of the same Gi are incident. This changes G' to another graph G". Similar to the computation in the 

proof of Theorem 11.171 we have that 


<m{Gi) 


lj[xi] if all vertices of Gi are removable, 

Ij[xi]/{x1) if not all vertices of Ci are removable. 


and J^o{G") = J^(Gi) <E)z ■ • ■ <S>z ^^(Ga^). 

If a; G E(v) is an edge of a G^, then i is uniquely determined by x since Gi,..., Gq,„ are pairwise edge- 
disjoint. Define i^(x) to be the parity of the number of non-removable vertices of Gi between x and Xi, 
which is well-defined since the total number of non-removable vertices on Ci is even. Using this notation, 
annziE(v)](A^(G")) is the ideal of Z[£'(u)] generated by the set (E(v) \ E{G")) U U S 2 , where 

51 = {xi — {—lyG^x I X G E(v) n E{G”), 1 <i < ay and x is contained in Ci}, 

5 2 = {Xi I 1 < i and Ci contains a non-removable vertex}, 

This shows that Ij[E{v)]/ am\j^\^E(v)]{A^Q{G")) = Z[xi,...,a:Q,„]// 2 , where I 2 is the ideal of Z[xi,...,X q,„] 
generated by 82 - But, by Lemmas 13.81 and 13.111 there are surjective Z[£'(G)]-module maps J^o{G) —>• 
.3^o{G') J^(G"). So, by Lemma O annz[£;(„)]J^(G) C annz[£;(„)]J^(G') C annz[B(^)]^(G")- Thus, 

there is a surjective Z[£'(G)]-module map 

A{v) = Z[£'(i;)]/annz[£(^)](J^(G)) ^ Z[£'(i;)]/annz[£;(„)](J^(G")) = Z[xi,..., x«J// 2 . 

In particular, it follows that rankAi(u) > > 0. This proves (b) and that rankAi(ti) > aundirected(G,v). 
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So far, we have proved Parts 1, 2 and half of Part 3. 

It remains to show that rankAi(?;) < fiund%rected{G,v). Write /3^ = [3undirected{G, v) and fix a set 
{yij • ■ •; 2//3„} of Pv edges in G incident at v, whose removal destroys all undirected cycles in G contain¬ 
ing V. Let G be the graph with V{G) = V(G) and E{G) = E(G) \ {yi,... , 2 // 3 „}. It is clear that: 

• There are no undirected cycles in G containing v. 

• annz[£;(„)]^(G) = annz[£;(„)]=^(G) -b (yi,.. ■ , 2 // 3 j, where (?/i,.. .,yp^) is the ideal of Z[L;(u)] gen¬ 
erated by {?/i,... 

Denote by J the ideal of A(z;) generated by {yi,... Then, by Part 1, 

A{v)/J = Z[E{V)\/{am\^[E{v)]J^o{G) -b (yi,..., y/ij) = Z[£;(l/)]/annz[E(„)]J^(G) = Z, 

which does not contain homogeneous elements of positive degrees. In particular, Ai(v)/ {yi,... ^ypP) = 0, 
where (yi,..., ypj) is the Z-submodule of Ai(v) spanned by {yi,..., y/ 3 „}. So Ai(y) = (yi,..., y^^) and 

rankyli('c) ^ Py = Pundirected{G ^ v). fH 

Proof of Corollary ] 1.1 (A Give each edge in G a direction. This makes G a directed graph. Recall that 
^(G) = Z[£’(G)]//(G), where /(G) is the incidence ideal of Z[i?(G)]. Note that Sy^i is a homogeneous 
polynomial of degree 1. So, as Z-modules J%^i{G) = Z • E{G)/M, where Z • E{G) := 0a,g£;(G!) Z • x and 
M is the Z-submodule of Z • E{G) generated by | v £ V{G)}. In Z 2 • E{G) = Z ■ £1(G)/2(Z • E{G)), 
= 12xge{v)\l{v) Thus, under the standard quotient map Z ■ E(G) Z 2 • E{G), M is mapped 
onto S. This implies that Z 2 J^q,i{G) = Z 2 • E{G)/S. So, by Theorem 11.171 \E{G)\ — dim^j S = 

dimz 2 (Z 2 • E{G)/S) = dimz^ Z 2 AfP)^i{G) > rank.^^i(G) > aundirectediG). Repeat the last paragraph of 

the proof of Theorem 1 1.1 71 over Z 2 , one gets that \E{G)\ — dimz^ S = dimz 2 (Z 2 ■ E[G)/S) < PundirectediG). 
This proves Part 1 of Corollarv ll.191 

Recall that A{v) := Z[i?(u)]/(annz[£;(„)] J^(G)) in Theorem 1 1.1 81 So Ai{v) = Z • E{v)l{(Ii ■ E{v)) fl M). 
This implies that Z 2 ®z Ai{v) = Z 2 • E{v)/{(Z 2 ■ E{v)) n S). So, similar to Part 1, Part 2 of Corollarv ll.191 
follows from Theorem 11.181 and the last paragraph of its proof. 

It remains to prove Part 3. First, assume x is contained in an undirected cycle G in G. Modulo 7j2-E{G) by 
the subspace spanned by {y G E{G) \ y ^ E{G)}. This give a quotient map from Z 2 ■E{G) to Z 2 ■£'(G), which 
maps S to the subspace S{E) of Z 2 -/^(G) spanned by {y-bx | y G E{G)}. Clearly, {Z 2 ■E{G))/S{E) = Z 2 -x. 
So X ^ S{E) as a vector in Z 2 • E{G). Thus, x ^ S' as a vector in Z 2 • E(G). 

Now assume that x is not contained in any undirected cycles in G. Denote by G' the undirected graph 
obtained from G by removing the edge x. Since there are no undirected cycles in G containing x, the two 
vertices of x belong to two different connected components of G'. Let Gg be one of these two connected 
components. Then x = '^v&e{v)\l{v) where E(v) \ L(v) is the set of non-loop edges in G (not 

just those in G' or Gg) incident at v. This is because each y in this sum is either x, which appears once 
in this sum, or a non-loop edge of Gg, which appears twice. This shows that, as a vector in Z 2 • E{G), 
X G S'. □ 

5.2. Properties of Next, we state some basic properties of and sketch a proof of Proposition 11.211 
Lemma 5.1. Let G he an undirected graph. 

1. '^o(G) = Z\E{G)]/(P.g), where {LIq) is the ideal ofZ[E{G)] generated by the set Dg = {ei{E{v)) \ v G 
y{G), 1 < ^ < degx}. 

2. '^*(G) is a finitely generated Z[E(G)]/{LlG)-module. 

3. '^*(G) is a finitely generated Z-module if and only if ^q{G) is a finitely generated Z-module. 

The proof of Lemma 15.11 is similar to that of Lemma 13.71 

Lemma 5.2. Let G be an undirected graph and G the undireeted graph obtained from G by removing a single 
edge x G E[G) ineident at u,v G V{G). Under the standard identifieation Z[£'(G)] = Z[£'(G)]/(x), 

U*{G) ®z[£;(G)] U = U4G)/x • U4G) 
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as graded Koszul chain complexes over Z[i?(G')], where U is the graded Koszul chain complex 

f (0 —?► Z[ij^(G)]{deg tt} —> ZlE^G)] —>• 0) ®i^E{Gy\ Z[.E((?)]{deg —> ’L[E{G)] —>-0) if u ^ v, 

t/ ■= J 1 0 1 0 

(0 ^ Z[i^(G)]{degu} ^ Z[E{G)] ^ 0) (0 ^ Z[ii;(G)]{deg zx - 1} ^ Z[E{G)] ^ 0) ifu = v. 

I 1 0 10 

In particular, ‘^q{G) = '^q{G)Ix • ^q{G) as graded 'L[E{G)]-modules under the standard identification 
Z[E{G)]^Z[E{G)]/ix). 

The proof of Lemma 15.21 is straightforward and similar to that of Lemma 13.81 

Lemma 5.3. Let G be an undirected graph, v a vertex of G of degree 1 and x the edge incident at v. Denote 
by G the undirected graph obtained from G by removing v and x. Then, under the standard identification 
Z[E{G)] = Z[E(G)][x], U^:{G) and U^:{G) are homotopic as chain complexes of graded Z[E{G)]-modules. 

In particular, = '^*(G) as Z(BZ-graded Z[E{G)]-modules under the standard identification Z[E{G)] = 

Z[E{G)]/{x). 

The proof of Lemma 15.31 is similar to that of Lemma 13.91 

Lemma 5.4. Let G be an undirected graph, and u, v two distinct vertices of G. Denote by Gu^v the 
undirected graph obtained from G by identifying u and v into a single vertex. Note that there is a natural 
one-to-one correspondence between E{G) and EifGui^v), which gives an identification Z[E{G)] = Z[E{Gu^v)]- 
Under this identification, there is a surjective Z[E{G)\-module homomorphism ) —>■ (G). 

The proof of Lemma 15.41 is similar to that of Lemma 13.111 

Lemma 5.5. Let G be an undirected graph. Then '^o(G) is a finitely generated Z-module. 

The proof of Lemma [5751 is similar to that of Corollary 14.Ill 
With the above lemmas, we can sketch a proof of Proposition [TT^Il 

Sketch of a proof of Proposition \1.21\ Part 1 follows from Lemmas 15.11 and 15.51 Proof of Parts 2-4 is ex¬ 
tremely similar to that of Theorem 11.171 One iust needs to replace Lemmas 13.7113.Ill in that proof by 

Lemmas OEl □ 
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